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LOGARITHMIC DE RHAM–WITT COMPLEXES
VIA THE DE´CALAGE OPERATOR
ZIJIAN YAO
Abstract. We provide a new formalism of de Rham–Witt complexes in the
logarithmic setting. This construction generalizes a result of Bhatt–Lurie–
Mathew, and agrees with those of Hyodo–Kato and Matsuue for log-smooth
schemes of log-Cartier type. We then apply our formalism to obtain a more
direct proof of the log crystalline comparison of Ainf-cohomology in the case
of semistable reduction, which is established by Cesnavicius–Koshiwara.
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1. Introduction
Recently Bhatt–Lurie–Mathew [BLM18] gave a relatively elementary construc-
tion of the de Rham–Witt complex (hence the crystalline cohomology) for smooth
varieties over a perfect field of characteristic p. The goal of this paper is to extend
this construction to the logarithmic setting, and to apply this new formalism to
study the Ainf-cohomology (more precisely its log crystalline specialization) in the
case of semistable reduction.
1.1. Main Results. Let X be a quasi-coherent log scheme over a perfect field k
of characteristic p, and R = (R,M) be a local chart for its log structure.
To contextualize our construction, we first define the category DAlog of log
Dieudonne´ algebras. Roughly speaking, a log Dieudonne´ algebra is a commutative
differential graded algebra (cdga) A∗ together with a Frobenius F , a log structure
L and a log derivation δ in a compatible manner. In particular, the data are re-
quired to satisfy dF = pFd and δF = pFδ. We also need a certain full subcategory
DAlogstr of strict log Dieudonne´ algebras, which essentially consists of log Dieudonne´
algebras that admit the Verschiebung maps V and are complete with respect to the
1
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V -filtration. We formulate this using the log version of de´calage operator ηp, which
on p-torsion free cochain complexes is given by
ηpA
i := {x ∈ piAi|dx ∈ pi+1Ai+1}.
For each p-torsion free object A∗ in DAlog, there is a morphism φF : A
∗ → ηp(A
∗)
of log Dieudonne´ algebras. The existence of V is closely related to φF being an
isomorphism. This allows us to give the following primitive1 definition.
Definition 1. The saturated log de Rham–Witt complex Wω∗R/k of R is a strict
log Dieudonne´ algebra, such that, for any strict log Dieudonne´ algebra A∗, the
following canonical map is a bijection
HomDAlogstr
(Wω∗R/k, A
∗) ∼−−→ HomAlglogk
(R,A0/ imV ).
In other words, the functor sending R toWω∗R/k (if exists) provides a left adjoint
of ι : DAlogstr → Algk, which sends A
∗ to A0/ imV. Our first main result states that
Theorem 2. Wω∗R/k exists and glues to a sheaf Wω
∗
X/k on the e´tale site of X .
Our version of the log de Rham–Witt complexes agrees with the existing ones in
[HK94], [LZ04] and [Mat17] under the additional assumption that X is log-smooth
of log-Cartier type.2 We summarize this in the following
Theorem 3. Let X be a log scheme over k which is log-smooth of log-Cartier type,
then there exists isomorphisms of sheaves of complexes
Wω∗X/k
∼−−→ WΛ∗X/k
∼=WHKω∗X/k,
compatible with Frobenius operators, where
(Ma) WΛ∗X/k is the complex constructed by Matsuue [Mat17] as the initial object
in the category CFV of “log F-V procomplexes”.
(HK) WHKω∗X/k is the log de Rham–Witt complexes constructed by Hyodo–Kato
[HK94] using the log crystalline site.
(cf. Section 5). In other words, in this case all three versions of “log de Rham–Witt
complexes” agree, and compute the log crystalline cohomology RΓlog-cris(X/W (k)).
One notable feature of this construction is that we start with the Frobenius and
produce the Verschiebung and Restriction maps “along the way”. Another feature
is that our formulation makes essential use of the de´calage operator ηp. To be more
precise, we turn the isomorphism
φF :Wω
∗
X/k
∼= ηpWω
∗
X/k
which is typically an output 3 of the construction of the log de Rham–Witt complex,
as part of the input. As a result, our complex is characterized by a different universal
1Strictly speaking, we need to restrict to subcategories DAlog,pstr of DA
log
str , spanned by objects
for which the log Frobenius is given by multiplication by p. We ignore this issue in the rest of the
introduction for the sake of exposition.
2In general, the saturated complex Wω∗
R/k
differs from the crystalline construction of Hyodo–
Kato. We will not touch upon this distinction in our article, which is already present in the case
of ordinary schemes and has little to do with log structures. We instead refer the reader to Section
6.3 of [BLM18] where the authors compute an explicit example of a cusp.
3This isomorphism is due to Illusie for (ordinary) de Rham–Witt complexes and to Hyodo–Kato
in the logarithmic setting. See Definition 2.3 and Lemma 5.4.
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property, which makes it easier to compare to cdga’s equipped with Frobenius. This
is essentially what makes our formalism suitable for proving the log crystalline
comparison of Ainf-cohomology. To formulate this application, let RΓAinf(X) be
the Ainf-cohomology of a formal scheme X over OC with semistable reduction
4,
where C is a completed algebraic closure of W (k)[ 1p ]. Write X for the formal log
scheme with the divisorial log-structure from its mod p fiber XOC/p.
Theorem 4. There is a Frobenius compatible quasi-isomorphism
RΓAinf(X)⊗
L
Ainf W (k)
∼= RΓlog -cris(Xk/W (k)),
relating the specialization of RΓAinf(X) toW (k) with the log crystalline cohomology
of the special fiber of X over k.
This result has recently been obtained by Cesnavicius and Koshiwara [CK17]
from an “absolute” crystalline comparison over Acris. In fact, RΓAinf(X) also inter-
polates the p-adic e´tale cohomology and (log) de Rham cohomology of X, but the
most delicate part is the log crystalline comparison, which we give a new proof of.
In our approach, we avoid the comparison over the larger ring Acris, and directly
analyze the base change to W (k). When X has good reduction over OC , the theo-
rem is proven in [BLM18] as a major application of the saturated de Rham–Witt
complexes without log structures. Our theorem is a generalization of their result.
However, here in the semistable case, the nontrivial log structures impose additional
difficulties, as it is not a priori clear how to directly read off the logarithmic data
from the Ainf-cohomology.
Remark 5. In a forthcoming paper [Yao19] of the author, we give another proof
of Theorem 4, by constructing a certain functorial map from the absolute log crys-
talline cohomology RΓlog-cris(XOC/p) to the Acris-base change of RΓAinf(X). We
remark that our map goes in the opposite direction compared to the one used in
[CK17]. The existence of such a map and its compatibility with the BdR compar-
ison will be enough for us to recover most of the results in [CK17], including the
Bst comparison theorem (in fact in a slightly more general setting).
In the rest of the introduction we explain the idea of the construction as well
as proofs of our main results in slightly more detail, highlighting new phenomenon
that appears in the logarithmic setting.
1.2. The construction. The construction of the saturated log de Rham–Witt
complex is a direct generalization of [BLM18] and only involves elementary com-
mutative algebra. Let us assume that R is reduced so W (R) is p-torsion free for
simplicity. We first consider W (R) = (W (R),M), where the log structure is ob-
tained from the Teichmuller lift. The log de Rham complex ω∗W (R)/W admits a
canonical structure of a log Dieudonne´ algebra. We then construct a certain left
adjoint W ( )sat : DA
log −→ DAlogstr of the inclusion functor DA
log
str →֒ DA
log, and
define the saturated log de Rham–Witt complex of R/k as
Wω∗R/k :=W
(
(ω∗W (R)/W )sat
)
.
Finally, for a quasi-coherent log scheme X over k, we show that the construction
Wωi−/k satisfies e´tale descent for each i ≥ 0, and hence globalizes to a sheafWω
∗
X/k
of log Dieudonne´ algebras on the e´tale site Xe´t.
4More generally, we may assume that X has generalized semistable reduction over OC as
specified in Subsection 6.1.
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Remark 6. Although it might be possible to develop the global theory directly by
working with sheaves of log Dieudonne´ algebras, we prefer to work locally, and then
globalize only in the last step. This is especially convenient for our application to
Ainf-cohomology, where local charts are used in an essential way.
We then prove the following comparison theorems, which ultimately amounts to
the existence of the Cartier isomorphism in the logarithmic setting.
Theorem 7. Suppose thatR is log-smooth over k of log-Cartier type. ThenWω∗R/k
satisfies the following “de Rham comparisons”.
− (mod V ). There is a canonical isomorphism of cochain complexes
ω∗R/k
∼−−→ W1ω
∗
R/k.
− (mod p). There is a canonical quasi-isomorphism
Wω∗R/k/pWω
∗
R/k
∼−−→ W1ω
∗
R/k
∼= ω∗R/k.
− (with Frobenius lifts). Suppose that there exists a log-Frobenius lift (A,ϕ) of R
over W (k) in the sense of Subsection 4.3.2, then there is a quasi-isomorphism
ιϕ : ω̂
∗
A/W (k)
∼−−→ Wω∗R/k.
As notation suggests, the map ιϕ depends on the choice of ϕ (compare with the
canonical isomorphism in Proposition 4.18).
Remark 8. These comparisons typically fail for general log rings R without any
additional assumptions. For example, the Fp-algebra W1ω0R/k is always reduced
by Remark 2.5, but ω0R/k = R could be arbitrary. In particular, this implies the
following interesting corollary.
Corollary 9. Let X be a fine log scheme over k that is log-smooth of log-Cartier
type, then the underlying scheme X is reduced.
This recovers a result of Tsuji in [Tsu19]. Note that, unlike the non-logarithmic
case, a log-smooth scheme over a log point may fail to be reduced. For a simple
example, let n be a positive integer coprime to p. The map
(Fp,N : 1 7→ 0) −→ (Fp[x]/x
n,N : 1 7→ x)
of fine log algebras is log-smooth, with the map of monoids N→ N given by 1 7→ n.
The ring Fp[x]/xn is obviously non-reduced when n ≥ 2.
Remark 10. For a log scheme of “generalized semistable type” (in the sense of
Subsection 5.3) over (k,N), our formalism also provides a convenient framework to
construct the monodromy operator N on its log crystalline cohomology.
Proposition 11. Let X/k be a log scheme of generalized semistable type over the
standard log point k = (k,N). Let k◦ = (k, 0) be the trivial log point. Denote the
saturated log de Rham–Witt complex of X over the trivial log point by Wω˜∗X/k :=
Wω∗X/k◦ . Then there is a short exact sequence of cochain complexes
0→Wω∗X/k[−1] −→Wω˜
∗
X/k −→Wω
∗
X/k → 0.
The connecting homomorphism on cohomology
N : H∗log -cris(X/W (k)) = H
∗(X,Wω∗X/k) −→ H
∗
log -cris(X/W (k))
satisfies Nϕ = pϕN , where ϕ is the functorial Frobenius on the log crystalline
cohomology, and agrees with the monodromy operator of Hyodo–Kato.
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1.3. Log crystalline comparison of Ainf-cohomology. In the rest of the intro-
duction we explain the key ideas for proving Theorem 4. Let X be a formal scheme
as before and XC be its adic generic fiber over C. Recall from [BMS18] the defini-
tion of AΩX := Lηµ(Rν∗ Ainf,XC), where Lηµ is the derived de´calage operator with
µ := [ǫ]− 1 ∈ Ainf (cf. Section 6), ν : (XC)proe´t → Xe´t is the nearby cycle map, and
Ainf,XC = W (Ô
+,♭
XC
) is the basic period sheaf constructed in [Sch13]. Note that the
sheaf Ainf,XC is equipped with a natural Frobenius, which by functoriality induces
a Frobenius ϕ on AΩX and the Ainf-cohomology RΓAinf(X) := RΓ(Xe´t, AΩX).
We pause to record an ingredient that goes into our proof. Consider the cate-
gory DC of Dieudonne´ complexes, consisting of cochain complexes equipped with
Frobenius. As before we have a full subcategory DCstr consisting of strict objects.
It is shown in [BLM18] that the canonical functor
DCstr −→ D̂(Zp)
Lηp
from strict Dieudonne´ complexes to the Lηp-fixed points of the derived p-complete
Z-modules induces an equivalence of categories (cf. Theorem 2.12). In particular,
the Lηp fixed points of D̂(Zp) admit canonical cochain representatives.
We will prove Theorem 4 by restricting to small enough affine opens Spf S ∈ Xe´t
which admit semistable coordinates  in the sense of Subsection 6.1. For such S,
define AΩS := RΓ(Spf S,AΩX) ∈ D(Ainf). The key local statement we want to
prove is the following
Theorem 12. There is a canonical quasi-isomorphism
Wω∗Sk
∼−−→ AΩS⊗̂
L
AinfW (k)
compatible with Frobenius on both sides, where Sk = S ⊗OC k.
To proceed we first construct a quasi-isomorphism
AΩS⊗̂
L
AinfW (k)
∼= Lηp(AΩS⊗̂
L
AinfW (k)).
This puts AΩS⊗̂
L
AinfW (k) in the category D̂(Zp)
Lηp , and gives rise to a strict
Dieudonne´ algebra A∗S . To upgrade A
∗
S to a log Dieudonne´ algebra is more subtle
compared to the non-logarithmic setting, since it is difficult to read off log struc-
tures from the derived category (for example we do not know a version of Theorem
2.12 that takes log structures into account). To remedy this, we first fix a choice
of semistable coordinates , from which we obtain a chart (S,M) for the log
structure whereM is particularly simple. Using explicit computations for this log
algebra, we are able to define log structures and log derivations
αr :M
 → A0R/ im(V
r + dV r)
δr :M
 → A1R/ im(V
r + dV r)
for each r, which fit together to give rise to logarithmic data α and δ on A∗S .
This way, A∗S becomes a strict log Dieudonne´ algebra. From the universal property
of saturated log de Rham–Witt complexes, we are able to construct
τ :Wω∗Sk/k −→ A
∗
S ,
which a priori depends on the choice of coordinates. The upshot is that, even
though the logarithmic data depend on coordinates, the morphism τ on the un-
derlying complex does not depend on this choice. In other words, we have
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Proposition 13. As a morphism of Dieudonne´ algebras, the map τ is independent
of the choice of semistable coordinates. In particular, we get a canonical map
τ :Wω∗Sk/k −→ A
∗
S of Dieudonne´ algebras, which is an isomorphism.
Remark 14. The final step in the argument replies on the Hodge-Tate comparison
(Theorem 6.6). In fact, in both this article and [Yao19], we only need to analyze
AΩS along the Hodge–Tate specialization Ainf → OC , instead of objects such as
AΩS ⊗
L A
(m)
cris in [CK17]. Moreover, our approach sees no difference in treating
formal schemes which are of semistable type or generalized semistable type.
1.4. Outline of the paper. Section 2 is largely expository, where we summarize
relevant results from [BLM18]. In Section 3, we define log Dieudonne´ algebras,
and its subcategories consisting of p-compatible strict objects. The saturated log
de Rham–Witt complex lives in the latter subcategory. Section 4 consists of the
technical core of the construction of Wω∗R/k and its globalization to Xe´t. In this
section we also compare Wω∗R/k to the (completed) de Rham complex of a log-
smooth “log-Frobenius lifting”. In section 5, we show that our construction agrees
with the existing ones due to Hyodo–Kato and Matsuue in the case when the log
scheme is sufficiently smooth. We then reconstruct the monodromy operator on
the log crystalline cohomology for semistable log schemes. Finally, in the last two
sections of the article we discuss the log crystalline comparison of Ainf-cohomology.
We recall the definition of Ainf-cohomology with toy examples in Section 6 and give
our proof of the log crystalline comparison in Section 7. We also include Appendix
A to briefly review the necessary background on log schemes.
1.5. Conventions. We fix a prime p once and for all. We say that a cochain
complex M∗ is p-torsion free if each M i is p-torsion free. By a cdga we mean a
commutative differential graded aglebra (A∗ = ⊕i≥0A
i, d). In particular, the differ-
ential operator d increases grading by +1 and satisfies d(ab) = (da)b+ (−1)ka(db)
for a ∈ Ak; commutativity requires that ab = (−1)klba for a ∈ Ak, b ∈ Al and that
a2 = 0 for all a ∈ A2j+1. The latter condition is redundant unless p = 2.
For the convention on log schemes we refer to Appendix A, where we mostly
follow [Kat89] except that we denote a log scheme (X,MX) by X . In addition, by a
log algebra (R,L) we mean an algebra R together with a monoid morphism L→ R,
this is the same data as giving a pre-log scheme Y = (SpecR,L) with constant pre-
log structure β : LY → OY . We often denote by L
a the associated log structure of
L on Y = SpecR, which is the pushout of β−1(O×Y )→ LY along β
−1(O×Y ) →֒ OY
on the e´tale site of Y , and denote its global section by Lsh = Γ(Y,La).
Throughout the article, we use k to denote a perfect field of characteristic p,
which is further required to be algebraically closed in Section 6 and 7 for simplicity.
Moreover, we denote by W a log algebra (W (k), N) where N could be arbitrary.
We reserve the notation W (k) for (W (k), [α] : N →W (k)), where the log structure
comes from the Teichmuller lift of a log point k = (k,N). The reader is welcome
to take W =W (k) for convenience.
Finally, in Section 6 and 7, we use the language of derived ∞-categories. We
mostly follow the conventions of Section 10 of [BLM18], in particular, for a com-
mutative ring A, we use D(A) to denote the derived ∞-category of A-modules
and identify the usual (triangulated) derived category D(A) with the homotopy
category of D(A).
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2. Saturated de Rham–Witt complexes
In this section, we summarize the relevant results of Bhatt–Lurie–Mathew [BLM18],
which we generalize in the rest of the article.
2.1. Dieudonne´ algebras, saturation and V -completion.
2.1.1. The operator η. We first recall the de´calage operator 5.
Definition 2.1. Let R be a ring and µ ∈ R a nonzero divisor. Let (M∗, d) be a
cochain complex of µ-torsion free R-modules, then (ηµM)
∗ ⊂ M∗[ 1µ ] is defined to
be the sub-complex given by
(ηµM)
i = {x ∈ µiM i : dx ∈ µi+1M i+1}.
Note that ηµ kills µ-torsion in the cohomology, more precisely, we haveH
i(ηµM
∗) ∼=
Hi(M∗)/Hi(M∗)[µ]. In particular, ηµ descends to the derived category, inducing
a (non-exact) functor Lηµ : D(R)→ D(R). For other properties of ηµ and Lηµ we
refer the reader to §6 of [BMS18].
2.1.2. Dieudonne´ algebras and saturated Dieudonne´ algebras.
Definition 2.2. A Dieudonne´ algebra is a triple (A∗ =
⊕
i≥0
Ai, d, F ) where (A∗, d)
is a cdga, F : A∗ → A∗ is a graded algebra map such that
• F (x) ≡ xp mod p for all x ∈ A0;
• dF (x) = pF (dx) for all x ∈ A∗.
Definition 2.3. Let A∗ = (A∗, d, F ) be a p-torsion free Dieudonne´ algebra, then
F determines a map of cochain complexes
φF : A
∗ → ηpA
∗
by sending x 7→ pnF (x) for x ∈ An. A Dieudonne´ algebra A∗ is saturated if it is
p-torsion free and φF is an isomorphism.
Morphisms between two Dieudonne´ algebras (A∗, d, F ) and (B∗, d′, F ′) is a mor-
phism f : A∗ → B∗ between cdgas compatible with the Frobenius maps F and
F ′. The category of Dieudonne´ algebras (resp. the full subcategory spanned by
saturated algebras) is denoted by DA (resp. DAsat)
2.1.3. Verschiebung. Consider A∗ ∈ DAsat. For each i ∈ Z, the map
φF : A
i F−−→ {x ∈ Ai : dx ∈ pAi+1}
×pi
−−→ (ηpA)
i
is an isomorphism, hence F is injective and F (A∗) contains pA∗. Therefore, for each
x ∈ An, there is a unique element V x such that F (V x) = px. It is straightforward
to check that
FV = V F = p, FdV = d, V d = p dV, xV y = V (Fx · y).
5The de´calage operator was first introduced in [BO78]. It was later used in [IR83] for the crys-
talline construction of the de Rham–Witt complex WΩ∗
X/k
(and similarly in [HK94] to construct
the log de Rham–Witt complexes from the log crystalline site). Recently it appeared in [BMS18]
to define Ainf-cohomology.
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2.1.4. Saturation. Suppose A∗ ∈ AD is p-torsion free, then (ηpA)
∗ with its inherited
differential and Frobenius structure is again a Dieudonne´ algebra. The only thing
to check is that for any x ∈ (ηpA)
0, F (x) = xp + py for some y ∈ (ηpA)
0 (not just
in A0). The map φF : A
∗ → (ηpA)
∗ is a morphism of Dieudonne´ algebras. The
inclusion functor ADsat →֒ AD admits a left adjoint, A
∗ 7→ A∗sat, which we call
the saturation of A∗, given as follows. We replace A∗ ∈ AD by its p-torsion free
quotient if necessary and suppose that A∗ is p-torsion free, and then dfine A∗sat to
be the direct limit of
A∗
φF
−−→ (ηpA)
∗ ηp(φF )−−−−→ (ηpηpA)
∗
η2p(φF )
−−−−→ (η3pA)
∗ → · · ·
By the discussion above, the saturation A∗sat inherits the structure of a Dieudonne´
algebra, and the natural map A∗ → A∗sat is a morphism in AD.
2.1.5. Strict Dieudonne´ algebras and V -completion. Let A∗ be a saturated Dieudonne´
algebra. For each r ≥ 1, we form the quotient
Wr(A
∗) := A∗/(V rA∗ + dV rA∗),
which is a cdga as V rA∗ + dV rA∗ is a differential graded ideal. Next we define
the V -completion of A∗ to be the limit W (A∗) := lim
←−
WrA
∗ along the natural
projection maps R : WrA
∗ → Wr−1A
∗. It is easy to check that the map F on
A∗ induces F : Wr(A
∗) → Wr−1(A
∗) on the quotients. Similarly, we have V :
Wr(A
∗)→Wr+1(A
∗).
Definition 2.4. A saturated Dieudonne´ algebra A∗ is strict if the canonical map
A∗ −→W (A∗) is an isomorphism. The full subcategory of DAsat spanned by strict
algebras is denoted by DAstr.
Remark 2.5. Let A∗ be a saturated Dieudonne´ algebra as above.
• A0/V A0 is a reduced Fp-algebra by Lemma 3.6.1 of [BLM18].
• W (A∗) in the definition above becomes a Dieudonne´ algebra with F the
inverse limit of F : Wr(A
∗)→ Wr−1(A
∗). It is in fact still saturated. One
needs to check that (i). W (A∗) is p-torsion free, (ii). if x ∈ Ai := (W (A∗))i
is an element with dx ∈ pW i+1, then x ∈ im(F ), and (iii). the inverse limit
F on W (A∗) satisfies F (x) ≡ xp mod p, for the detail we refer to Section
2.6 and 3.5 of [BLM18].
Remark 2.6. The V -completion W (A∗) for A∗ ∈ DAsat is strict. More precisely,
for each r ≥ 1, the canonical map Wr(A
∗) → Wr(W (A
∗)) is an isomorphism (by
[BLM18] Proposition 2.7.5). The completion functor A∗ 7→ W (A∗) provides a left
adjoint of the inclusion DAstr →֒ DAsat.
Remark 2.7. For a strict Dieudonne´ algebra A∗ ∈ DAstr, each A
i is p-adically
complete. Moreover, A0 is the ring of Witt-vectors of W1(A)
0 = A0/V A0. In
other words, there is a unique isomorphism µ : A0 → W (A0/V A0) such that the
composition A0 → W (A0/V A0)
can
−−→ A0/V A0 is the projection map. Under the
map µ the Frobenius F on A0 corresponds to the usual Frobenius of Witt vectors.
2.2. The Cartier criterion. Let A ∈ DA be a p-torsion free Dieudonne´ algbera.
Consider the cochain complex (H∗(A∗/pA∗), β) where β is the Bockstein differential
induced from 0 → A∗/p
p
−→ A∗/p2 → A∗/p → 0. Then we have the following
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commutative diagrams where each arrow is a map of cochain complexes:
(A∗/pA∗, d) (H∗(A∗/pA∗), β)
(ηp(A
∗)/p, d)
F
φF γ
and γ is defined by sending x ∈ (ηpA)
i to x/pi. Suppose that A∗ is in addition
saturated, then the composition F in the diagram factors through the quotient
cochain complex W1(A
∗), as in the diagram below:
(W1(A
∗), d)
(A∗/pA∗, d) (H∗(A∗/pA∗), β)
F1q
F
Lemma 2.8. Let A∗ be a p-torsion free Dieudonne´ algebra, then
(1) γ : ηp(A
∗)/p→ H∗(A∗/p) is a quasi-isomorphism of cochain complexes;
(2) Suppose that A∗ is saturated, then F1 :W1(A
∗)→ H∗(A∗/p) is an isomor-
phism of cochain complexes.
Proof. (1). The map γ is clearly surjective, its kernel is acyclic by Proposition 2.4.4
of [BLM18] (also compare to Proposition 1.3.4 of [Del71]). (2). This is a special
case of Proposition 2.7.1 of [BLM18]. 
Definition 2.9. We say that a Dieudonne´ algebra A∗ ∈ DA satisfies the Cartier
criterion (or is of Cartier type) if
F : (A∗/p, d)→ (H∗(A∗/p), β)
is an isomorphism of cochain complexes.
In the case in the above definition, we denote the map F by C−1. The following
is immediate.
Corollary 2.10. Let A∗ ∈ DA.
(1) If A∗ satisfies the Cartier criterion, then φF : A
∗/p→ ηp(A
∗)/p is a quasi-
isomorphism, therefore we have a quasi-isomorphism
A∗/pA∗ −→ A∗sat/pA
∗
sat
(2) If A∗ is saturated, then q : A∗/p → W1(A
∗) is a quasi-isomorphism of
cochain complexes.
(3) Let f : A∗ → B∗ be a morphism of saturated Dieudonne´ algebras, then f :
A∗/p→ B∗/p is a quasi-isomorphism if and only if f : W1(A
∗)→ W1(B
∗)
is an isomorphism, if and only if f :W (A∗)→W (B∗) is an isomorphism.
Proof. The last part follows from Corollary 2.7.4 in [BLM18]. 
Corollary 2.11. Let A∗ be a p-complete and p-torsion free Dieudonne´ algebra
satisfying the “Cartier criterion”, then the canonical map
A∗ −→W (A∗sat)
is a quasi-isomorphism.
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Proof. It suffices to show that A∗/p→ A∗sat/p→W (A
∗
sat)/p is a quasi-isomorphism
since each Ai is p-adically complete and p-torsion free. The first map is a quasi-
isomorphism by Corollary 2.10 (1), and the second map is a quasi-isomorphism by
Remark 2.6 and Corollary 2.10 (3). 
2.3. The saturated de Rham–Witt complexes. Given the preparations above,
the saturated de Rham–Witt complexes WΩ∗R for an Fp algebra R is constructed
in [BLM18] as follows: first equip Ω∗W (Rred) with a Frobenius map F under which it
becomes a Dieudonne´ algebra, then define WΩ∗R := W (Ω
∗
W (Rred)
)sat (resp. define
WnΩ
∗
R =Wn(Ω
∗
W (Rred)
)sat). The construction R 7→ WΩ
∗
R is clearly functorial and
provides a left adjoint of the functor DAstr −→ AlgFp that sends A
∗ 7→ A0/V A0.
We list some basic properties of WΩ∗R proved in [BLM18]. Suppose there exists
a p-torsion free algebra A lifting R, equipped with an endomorphism ϕ : A → A
satisfying ϕ(a) ≡ ap mod p. Then there exists a natural map
µ : Ω̂∗A →WΩ
∗
R.
The map µ induces an isomorphism W (Ω̂∗A)sat
∼−−→ WΩ∗R. Suppose in addition
that R is smooth over a perfect extension of Fp, then µ is a quasi-isomorphism.
Now further suppose that R is a smooth Fp-algebra, then there exists a canonical
isomorphism
ν : Ω∗R
∼−−→ W1Ω
∗
R.
Finally, if we write WΩ∗R for the de Rham–Witt complexes constructed by Illusie
in [Ill79], then there exists a natural isomorphism
γ :WΩ∗R
∼−−→ WΩ∗R.
2.4. Lηp-fixed points of the p-complete derived category. The goal of this
subsection is to state Theorem 2.12, which is crucial for our application to Ainf-
cohomology in Section 7.
To start, we first relax the notion of Dieudonne´ algebras to Dieudonne´ complexes.
A Dieudonne´ complex (M∗, d, F ) is a cochain complex (M∗, d) of abelian groups
equipped with a Frobenius operation F : M∗ → M∗ satisfying dF = pFd. They
form a category DC, where morphisms are maps of cochain complexes compatible
with the Frobenius structure. The full subcategory DCsat (resp. DCstr) of saturated
(resp. strict) Dieudonne´ complexes is similarly defined, as well as the saturation
(resp. V -completion) functor, for detail we refer the interested readers to section 2
of [BLM18]. Let D̂(Z)p be the full subcategory of D(Z) (viewed as a triangulated
category) generated by derived p-adically complete objects. For applications later,
we also need the derived ∞-category enhancement D(Z) of its homotopy category
D(Z), and similarly define D̂(Z)p ⊂ D(Z). Denote by D̂(Z)
Lηp
p (resp. D̂(Z)
Lηp
p )
the Lηp fixed points of D̂(Z)p (resp. D̂(Z)p), which consists of an object X in the
category equipped with an isomorphism X ∼−−→ LηpX . From definition, there is a
natural functor
DCstr −→ D̂(Z)
Lηp
p
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Theorem 2.12 ( [BLM18] Theorem 7.3.4 and 7.4.8). 6 The functor above factors
through the following sequences of equivalences of categories:
DCstr
∼−−→ D̂(Z)Lηpp
∼−−→ D̂(Z)Lηpp .
We refer the interested readers to Section 7 of [BLM18] for more detail.
Remark 2.13. For the application later, we describe a quasi-inverse functor (which
is not explicitly described in [BLM18] but not difficult to obtain). Let
(X,ψ : X ∼−−→ LηpX) ∈ D̂(Z)
Lηp
p
be an Lηp fixed point of the category D̂(Z)p. For each r ≥ 1, we define the cochain
complexes (X∗n, βn) by
X ir := H
i(X ⊗L Z/pr),
where the differentials βr are given by the Bockstein differentials (associated to
X ⊗L Z/pr → X ⊗L Z/p2r → X ⊗L Z/pr). Next define maps
µr : H
k(X ⊗L Z/pr) −→ Hk(LηpX ⊗
L Z/pr−1)
by sending y ∈ Hk(X ⊗L Z/pr) to pky ∈ Hk(LηpX ⊗L Z/pr−1). This leads to the
“restriction maps” Rr := X
∗
r −→ X
∗
r−1 by setting Rr := ψ
−1 ◦ µr, namely the
composition
H∗(X ⊗L Z/pr) H∗(LηpX ⊗L Z/pr−1)
H∗(X ⊗L Z/pr−1)
µr
Rr
ψ−1
We build a cochain complex X∗ := lim
←−Rr
X∗r by taking the inverse limit along
the restriction maps Rr. Equipped with Bockstein differentials, X
∗ becomes a
Dieudonne´ complex as follows: the canonical projection Z/pr → Z/pr−1 and map
Z/pr−1
×p
−−→ Z/pr respectively induce the maps
F : X∗r → X
∗
r−1, V : X
∗
r−1 → X
∗
r .
They are compatible with Rr and therefore induce operators F, V on X
∗.
6This equivalence is already hinted in [IR83] and [HK94] for the log version. For example,
compare the inverse functor described below and the Hyodo–Kato construction in Subsection 5.1.
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3. Log Dieudonne´ algebra
In this section we describe an enhancement of Dieudonne´ algebras that incor-
porates log structures, which serves as a basis for our theory of saturated log de
Rham–Witt complexes on local charts. The definitions in this section are mostly
analogous to those in [BLM18], with minor differences. In particular, we prove that,
for a strict Dieudonne´ algebra with a p-compatible log structure, its log structure
is “valued in” Teichmuller representatives (Proposition 3.13). For notations on log
geometry we refer to Subsection 1.5 and Appendix A. In this section and in the
construction of saturated log de Rham–Witt complexes, we do not require the log
structures to satisfy additional properties such as being integral or coherent.
3.1. Log Dieudonne´ algebra.
Definition 3.1. LetW = (W (k), N) be a log algebra. A log Dieudonne´W -algebra
is a tuple (A∗, L, d, δ, F, FL), consisting of the following data:
• (A∗ = ⊕i≥0A
i, d) is a cdga over W ,
• A0 = (A0, L) is a log algebra over W ,
• δ : L→ A1 is a map of monoids, and
• F : A∗ → A∗ a graded algebra homomorphism,
satisfying the following requirements:
(1) (A∗, d, F ) is a Dieudonne´ algebra in the sense of Definition 2.2.
(2) (d : A0 → A1, δ : L → A1) is a log derivation of A0/W , where we further
require that the composition L
δ
−→ A1
d
−→ A2 is 0.
(3) δ is compatible with F : A1 → A1, in other words it satisfies
δFL = pFδ.
(4) FL : L→ L is a monoid homomorphism satisfying
F ◦ α = α ◦ FL.
Notation. In what follows we often suppress notations and just write A∗ for a log
Dieudonne´ algebra.
Remark 3.2. In contrast to the ordinary (= non-logarithmic) setting, for the
definition of log Dieudonne´ algebras we need to specify a base W to start with. In
the ordinary case, Ωk/Fp = 0 (and ΩW (k)/Zp = 0), so the base is to some extent
irrelevant (as one can see from the construction in Subsection 4.3, for example). If
we have two distinct log structures N1, N2 on k, on the other hand, Ω(k,N1)/(k,N2) is
typically nonzero. Therefore it is necessary to specify the baseW for log Dieudonne´
algebras, in particular its log structure.
Definition 3.3. A morphism between two log Dieudonne´W -algebras A∗ and B∗ is
a pair (f, ψ), where f : (A∗, d, F )→ (B∗, d′, F ′) is a morphism between Dieudonna
algebras over W , and ψ : LA → LB is a monoid morphism over N which is com-
patible with FL, α and δ. More precisely,
(1) f ◦ d = d′ ◦ f and f ◦ F = F ′ ◦ f on each Ai.
(2) The structure map N → LB agrees with N → LA
ψ
−→ LB (resp. W → B
0
agrees with W → A0
f |A0−−−→ B0). Moreover f ◦ αA = αB ◦ ψ on LA. This is
simply saying that (f, ψ)|(A0,LA) is a morphism of log W -algebras.
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(3) ψ satisfies ψ ◦ FLA = FLB ◦ ψ, and f ◦ δA = δB ◦ ψ.
Notation. We denote the category of log Dieudonne´ algebras by DAlog/W , and will
often suppress notations to write DAlog = DAlog/W when W is understood.
Lemma 3.4. A morphism (f, ψ) : A∗ → B∗ of log Dieudonne´ algebras over W is
an isomorphism if and only if both f and ψ are isomorphisms.
Proof. Suppose that f has an inverse g : B∗ → A∗ as Dieudonne´ algebras over W
and that ψ has an inverse χ : LB → LA, the lemma claims that χ satisfies the
compatibilities (2) and (3) in Definition 3.3. This is straight-forward. For example,
to check (2) we observe that for any m ∈ LB
g ◦ αB(m) = g(αB(ψ ◦ χ(m))) = g(f(αA(χm))) = αA ◦ χ(m).
The remaining relations are similarly verified. 
3.2. p-compatible log Dieudonne´ algebras.
Definition 3.5. We say that a log Dieudonne´ algebra A∗ over W is p-compatible
if the Frobenius on the log structure L is given by FL = p. Let DA
log,p denote the
full subcategory of DAlog spanned by p-compatible objects.
Remark 3.6. In this article we are mostly interested in p-compatible log Dieudonne´
algebras (see Proposition 4.6). The p-compatibility condition imposes some restric-
tions on what log structures are allowed. For example, if X is a scheme over Zp
and L is a log structure on X, then for an affine open U = SpecA ⊂ X, the log
algebra (A,Γ(U,L)) is usually not p-compatible. A typical example that arises is
(Zp[x, y]/xy, L = N2) with the pre-log structure (a, b) 7→ xayb (see Example A.4)
and Frobenius FL given by multiplication by p, while on the (sections of the) as-
sociated log structure La = Z×p ⊕ N
2 the induced Frobenius is FLa = id⊕ FL. For
this reason we are usually only work with pre-log structures on schemes.
3.3. Saturated log Dieudonne´ algebras. In this subsection and next we discuss
saturation and V -completion in the logarithmic setting.
Definition 3.7. Let (A∗, L
α
−→ A0, d, δ, F, FL) be a log Dieudonne´ algebra where
A∗ is p-torsion free. We define the log Dieudonne´ algebra ηp(A
∗) to be the tuple(
ηp(A
∗), L
ηp(α)
−−−→ ηpA
0, d, ηp(δ), F, FL
)
∈ DAlog
where
• ηpA
i = {x ∈ piAi : dx ∈ pi+1Ai+1} as in Definition 2.1 and is equipped
with φF : A
∗ → ηpA
∗,
• the log algebra (ηpA
0, L) is given by ηp(α) : L
FL−−→ FL(L)
α
−→ ηpA
0,
• the log derivation ηp(δ) is given by ηp(δ) : L
FL−−→ FL(L)
δ
−→ ηpA
1, 7
• we use the same symbols (d, F, FL) to denote their restrictions to the cor-
responding (sub-)object.
7Equivalently, ηp(δ) is given by the composition L
δ
−→ A1
pF
−−→ ηpA1. Likewise, ηp(α) is given
by the composition L
α
−→ A0
F
−→ ηpA0.
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Both ηp(α) and ηp(δ) are well-defined by the relations dF = pFd and δF = pFδ.
By Remark 3.1.7 in [BLM18], we know that ηp(A
∗) is a Dieudonne´ algebra. It is
then straightforward to verify that ηp(A
∗) is indeed a log Dieudonne´ W -algebra,
with its W -structure given by W → A0 → (ηpA)
0 and N → L. Now let DAlogp-tf
be the full subcategory of DAlog spanned by p-torsion free complexes, then ηp
induces a functor DAlogp-tf −→ DA
log
p-tf which we call the log-de´calage operator. For
a morphism f = (f, ψ) : A∗ → B∗ between log Dieudonne´ algebras, one obtains a
morphism ηp(f) : ηp(A
∗)→ ηp(B
∗) in a functorial way. We only need to check that
f(ηpA)
i ⊂ (ηpB)
i, which follows directly by unwinding definitions. The operator
ηp clearly preserves the p-compatible objects. Moreover, for a p-torsion free object
A∗ in the category DAlog (resp. in DAlog,p), we have a natural map
φF = (φF , id) : A
∗ −→ ηp(A
∗)
of log Dieudonne´ algebras, where φF is the map p
iF on Ai, which by 2.1.4 is a
morphism between Dieudonne´ algebras.
Definition 3.8. A log Dieudonne´ algebra A∗ ∈ DAlog is saturated if A∗ is p-torsion
free and φF is an isomorphism, in other words, if the underlying Dieudonne´ algebra
is saturated. The full subcategory of DAlog spanned by saturated objects (resp.
p-compatible saturated objects) is denoted by DAlogsat (resp. DA
log,p
sat ).
Remark 3.9. The definition of being saturated has nothing to do with the log
structure L. Moreover, by the same discussion in Subsection 2.1.3, a saturated log
Dieudonne´ algebra admits the Verschiebung operator V : Ai → Ai satisfying the
relations listed there.
Since the log structure is irrelevant in the condition of being saturated, the
construction of the saturation of a log Dieudonne´ algebra is essentially the same as
in the non-logarithmic setup. First we replace A∗ = (A∗, L) by (A∗/A∗[p∞], L) to
reduce to the p-torsion free case while keeping the monoid L. For a p-torsion free
log Dieudonne´ algebra A∗, we can now apply the log de´calage operator ηp to the
morphism φF = (φF , id) : A
∗ → ηp(A
∗) repeatedly and obtain
(A∗)sat := colim
(
A∗
φF
−−→ ηp(A
∗)
φF
−−→ ηpηp(A
∗)→ · · ·
)
More explicitly, we may take Lsat := colim
(
L
FL−−→ FL(L)
FL−−→ FLFL(L)→ · · ·
)
in
the category of monoids (colimit exists in the category of monoids, as both coprod-
ucts and coequalizers exist). This is compatible with the colimit lim
−→n,φF
ηnp (A
∗),
hence we get natural monoid maps αsat : Lsat → (Asat)
0 and δsat : Lsat → (Asat)
1.
The saturation of the log Dieudonne´ algebra is then(
(A∗)sat, L→ Lsat
αsat−−−→ (Asat)
0, L→ Lsat
δsat−−→ (Asat)
1
)
.
The log structure and log derivation above can be equivalently described as the
compositions L
α
−→ A0 → (Asat)
0 and L
δ
−→ A1 → (Asat)
1, using the natural map
A∗ → (A∗)sat of Dieudonne´ algebras. From this perspective it is clear that (A
∗)sat
forms a log Dieudonne´ algebra overW . The proof of the following lemma is omitted
as it is completely analogous to the non-logarithmic situation.
Lemma 3.10. The saturation functor sat : DAlog → DAlogsat is the left adjoint of
the inclusion DAlogsat ⊂ DA
log . The same is true for DAlog,psat .
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3.4. Strict log Dieudonne´ algebras and V -completion. Let A∗ ∈ DAlog be a
saturated object, recall that we can form the quotients Wr(A
∗) = A∗/Filr where
Filr is the V -filtration on A∗ given by the differential graded ideal
Filr = V r(A∗) + dV r(A∗) ⊂ A∗.
We then form the inverse limit W (A∗) = lim
←−
Wr(A
∗) along the restriction maps
R : Wr(A
∗) → Wr−1(A
∗). The Dieudonne´ algebra W (A∗) inherits a log structure
L → A0 → W (A)0 and a log derivation L → A1 → W (A)1 from A∗, which makes
it a log Dieudonne´ algebra. The canonical map ρ : A∗ → W (A∗) of saturated
Dieudonne´ algebras upgrades to (ρ, id) : A∗ → W (A∗) as a morphism in DAlog,
which we still denote by ρ. By Remark 2.5, we know that, if A∗ ∈ DAlog is saturated
(resp. saturated and p-compatible), thenW (A∗) is again saturated (resp. saturated
and p-compatible).
Definition 3.11. A saturated log Dieudonne´ algebra A∗ ∈ DAlog is strict if ρ :
A∗ →W (A∗) is an isomorphism, in other words, if its underlying Dieudonne´ algebra
is strict. The full subcategory of DAlogsat (resp. DA
log,p
sat ) spanned by strict objects
is denoted by DAlogstr (resp. DA
log,p
str ).
The following lemma is immediate from Remark 2.6.
Lemma 3.12. The completion W (A∗) of a saturated log Dieudonne´ algebra is
strict. Moreover the completion functor W : DAlogsat → DA
log
str provides a left adjoint
of the inclusion DAlogstr ⊂ DA
log
sat, similarly for the p-compatible subcategory.
The condition of being strict and p-compatible imposes some rather strict re-
strictions on the log structures. For the setup, let A∗ ∈ DAlog,pstr , and recall from
Section 2 that we have a canonical isomorphism µ : A0 ∼−−→ W (A0/V A0) respect-
ing Frobenii on both sides. We use µ to identify A0 with the Witt vectors of
A0/V A0 in the following proposition, which is important for our construction of
log de Rham–Witt complexes in Section 4.
Proposition 3.13. Let A∗ ∈ DAstr be a strict Dieudonne´ algebra. Let α : L→ A
0
be a log structure on A0, such that F (α(m)) = α(m)p. Then the image of α consists
of Teichmuller lifts of elements of A0/V A0. In other words, consider the log algebra
α : L→ A0 → A0/V A0 with log structure inherited from α, then
α(m) = [α(m)]
for any m ∈ L. This in particular applies to the case of a strict p-compatible log
Dieudonne´ algebra.
Proof. It suffices to show that α(m)−[α(m)] ∈ Fils(A0) = V s(A0) for every s ∈ Z≥1
since A0 is complete with respect to the V -filtration. We proceed by induction. By
assumption α(m)− [α(m)] ∈ Fil1. We claim that if α(m)− [α(m)] ∈ Filr for r ≥ 1,
then α(m)− [α(m)] ∈ Fil2r. Suppose that α(m)− [α(m)] = V rb, then
F r(α(m)) − F r([α(m)]) = α(m)p
r
− [α(m)]p
r
= pr · b.
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In the first equality we use that A∗ is p-compatible. On the other hand
α(m)p
r
=
(
[α(m)] + V rb
)pr
= [α(m)]p
r
+ pr[α(m)]p
r−1 · V rb+
pr∑
k=2
(
pr
k
)
[α(m)]p
r−k ·
(
V rb
)k
Note that since xV ry = V r((F rx)y), we have
(V rb)2 = V r((F rV rb)b) = V r(prb2) = prV r(b2).
Therefore
prb = pr[α(m)]p
r−1 · V rb+ prV r(b2) ·
pr∑
k=2
(
pr
k
)
[α(m)]p
r−k ·
(
V rb
)k−2
Since A0 is p-torsion free, we conclude that b ∈ V r(A0). 
Corollary 3.14. Retain notations from above. Let A0/V A0 denote the log algebra
(A0/V A0, α : L → A0/V A0), and let W (A0/V A0) be the log algebra defined as
in Example A.4. Then µ : A0 ∼−−→ W (A0/V A0) induces an isomorphism of log
algebras
µ = (µ, id) : A0 = (A0, L)→W (A0/V A0).
Proof. This is immediate from Proposition 3.13. 
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4. Saturated log de Rham–Witt complexes
The goal of this section is to construct the saturated log de Rham–Witt com-
plexes Wω∗X/k for a log scheme X over k, which is a sheaf on Xe´t valued in log
Dieudonne´ algebras. We will construct this object locally on charts of the form
(R,M) in Subsections 4.1, and compare it with de Rham complexes of R/k (and
its liftings to W ) in the subsequent subsections. In Subsection 4.6 we glue the local
construction on the e´tale site of X .
For this section, we fix the base log algebra W = W (k) where k = (k,N) as
before8. In Subsection 4.1, we do not impose any condition on the log structures,
but later in this section we gradually impose restrictions on the log algebra to prove
various forms of comparison theorems.
4.1. Log de Rham–Witt complexes for log algebras. Let Alglogk be the cate-
gory of log algebras over k. An element R = (R,M) ∈ Alglogk can be equipped with
a pair of Frobenius (F, FM ) where F (x) = x
p for all x ∈ R and FM (m) = pm for
all m ∈M . From the previous section, we have a functor
DAlog,pstr −→ Alg
log
k given by A
∗ 7→ A0/V (A0),
where A0/V (A0) consists of the data (A0/V (A0), α : L→ A0 ։ A0/V (A0)). Now
we are ready to give the definition of saturated log de Rham–Witt complexes for
log algebras (Definition 1 in the introduction).
Definition 4.1. Let R = (R,M) ∈ Alglogk be a log algebra over k. The saturated
log de Rham–Witt complex Wω∗R/k of R is a strict p-compatible log Dieudonne´
W (k)-algebra such that for any A∗ ∈ DAlogstr , the natural map
HomDAlogstr
(Wω∗R/k, A
∗) −→ HomAlglogk
(R,A0/V (A0))
is an isomorphism.
In other words, the association R 7→ Wω∗R/k (if exists) would provide a left
adjoint of the functor
DAlog,pstr/W −→ Alg
log
k , A
∗ 7−→ (A0/V(A0), L).
Remark 4.2. The restriction to the subcategory of p-compatible objects seems
necessary to obtain the desired universal property. In particular, we do not get a
left adjoint of DAlogstr → Alg
log
k in general.
4.1.1. Preliminaries I.
LA LB
LA LB
A B
A B
ψ
FLA
ψ FLB
f
f
ϕA ϕB
8This is less general than the previous section, namely we require that the log structure on
W (k) comes from the Teichmuller lift from log structure on k. Examples include the trivial log
structure on W (k), or N
17→0
−−−→ W (k), but excludes N
17→p
−−−→ W (k).
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Definition 4.3. Let A = (A,LA) and B = (B,LB) be two log algebras over W
equipped with Frobenius maps (ϕA, FLA) and (ϕB , FLB ) as morphisms of log W -
algebras, where ϕA (resp. ϕB) lifts the p-power Frobenius on A/p (resp. B/p). We
define HomF (A,B) to be the set of Frobenius compatible W -morphisms between
A and B, namely pairs (f, ψ) of morphisms between log W -algebras making every
square in the cube above commute.
Remark 4.4. Consider the following special case of the definition above. Let
R,R′ ∈ Alglogk be two log algebras over k. Equip R with the a log Froebnius map
(ϕ, FM ) where FM = p. Now consider W (R) = (W (R), [α]), where
[α] = [ ] ◦ α :M → R→W (R)
is the Teichmuller lift of the log structure on R as usual. W (R) is equipped with the
Frobenius map (F, p) from the Frobenius F on the Witt vectors. Similarly define
W (R′). Then HomF (W (R),W (R
′)) consists precisely of the homomorphisms be-
tween log algebras compatible with Frobenius F on W (R) and W (R′) respectively.
More precisely, an element in HomF (W (R),W (R
′)) is a map (f, ψ) : W (R) →
W (R′) of log W -algebras, such that f ◦ F = F ◦ f .
Lemma 4.5. Let R,R′ ∈ Alglogk be as in the remark above. Suppose that both R
and R′ are reduced, then
HomF (W (R),W (R
′)) ∼= HomAlglogk
(R,R′)
Proof. The Witt vector formalism provides a lift for morphisms from R→ R′. Let
(f, ψ) : R→ R′ be a map over k. We invoke the following property of Witt vectors:
sinceW (R) is p-torsion free by the reducedness assumption, and F :W (R)→W (R)
lifts the Frobenius on R, the map
W (R)→ R
f
−→ R′
lifts uniquely 9 to a map f : W (R) → W (R′) which is compatible with Frobenius
on both W (R) and W (R′). The same argument provides structure morphisms
W (k) → W (R) and W (k) → W (R′) such that f : W (R) → W (R′) is a map of
W (k)-algebras (by the uniqueness of the lifting).
It remains to show the compatibility between f and ψ. This is implied by the
compatibility of f with the Teichmuller lifts: namely that f([x]) = [f(x)] for every
x ∈ R. Since W (R′) is complete with respect to the V -filtration, it suffices to
show that f([x]) − [f(x)] ∈ Fils = V sW (R′) for every s ∈ N. We proceed by
induction. Clearly f([x]) − [f(x)] ∈ Fil1, now suppose that f([x]) − [f(x)] ∈ Filr,
then f([x]) = [f(x)] + V r(y) for some y ∈W (R′), so we have
F (f [x]) = f([x])p =
(
[f(x)] + V r(y)
)p
≡ F [f(x)] mod pV rW (R′)
which implies that, there exists some y′ ∈W (R) such that
F (f [x]) = F [f(x)] + pV r(y′) = F
(
[f(x)] + V r+1(y′)
)
.
But F is injective on W (R′) since R′ is reduced (so in particular it is p-torsion
free), hence f [x] = [f(x)].
9This is sometimes called Cartier’s Dieudonne´-Dwork lemma. Another way to produce this
lifting is to observe that the Witt vectors provide a right adjoint to the forgetful functor from the
category of δ-rings to rings, in the sense of [Joy85].
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Applying the same argument again, we see that the map (f, ψ) is a morphism
over W (k), which is equipped with the log structure N → k
[ ]
−→W (k). 
4.1.2. A key example of log Dieudonne´ algebra. The construction of log de Rham–
Witt complexes for R ∈ Alglogk relies on the following proposition.
Proposition 4.6. Let (A,α : L → A) be a log algebra over W . Suppose that A
is p-torsion free and that the pair (A,L) is equipped with Frobenius morphisms
ϕ : A→ A and FL : L→ L such that
• ϕ(x) ≡ xp mod p is a lifting of the absolute Frobenius mod p;
• FL = p on L and is compatible with ϕ, that is, ϕ ◦ α = α ◦ FL.
Then there exists a unique graded ring homomorphism
F : ω∗A/W −→ ω
∗
A/W
which extends ϕ on A, such that
F (dx) = xp−1dx+ d(
ϕ(x) − xp
p
) for all x ∈ A.
Moreover, this makes ω∗ := (ω∗A/W (k), L, d, δ, F, FL) a p-compatible log Dieudonne´
W -algebra.
Proof. For the first claim we need to show the existence of F : ω1A/W (k) → ω
1
A/W (k).
We regard the second copy of ω1A/W (k) as an A-module where A acts by a twist of
ϕ, namely a · λ = ϕ(a)λ for all λ ∈ ω1A/W (k). By the universal property of ω
1
A/W (k)
and Remark A.5, we only need to supply the structure of a log derivation from
(A,L) to ω1A/W (k) with this twisted A-module structure. For this we define
δ˜ : L→ ω1A/W (k), and d˜ : A→ ω
1
A/W (k)
respectively as follows:
• we set δ˜(l) := δ(l), and
• d˜(x) := xp−1dx+ dθ(x) where θ(x) =
ϕ(x) − xp
p
. 10
To complete the proof of (1) we need to show that δ˜ and d˜ form a log derivation
of A over W (k), which requires
(1) d˜(γx) = γ · d˜x := F (γ)d˜x for all γ ∈ W (k), x ∈ A;
(2) d˜(x+ y) = d˜(x) + d˜(y) for all x, y ∈ A;
(3) d˜(xy) = x · d˜y + y · d˜x := ϕ(x)d˜y + ϕ(y)d˜x for all x, y ∈ A;
(4) α(l) · δ˜(l) := ϕ(α(l))δ˜(l) = d˜(α(l)) for all l ∈ L;
(5) δ˜(ι(n)) = 0 for all n ∈ N , where ι : N → L is map of monoids inW (k)→ A.
(1) follows from (3) since pd˜(λ) = d(F (λ)) = 0, where F : W (k) → W (k) is the
Frobenius map on Witt vectors. (2) and (3) follow from the explicit description of
θ(x), and the detail have been spelt out in [BLM18] Proposition 3.2.1, so we do not
repeat the argument here. For (4), since θ(α(l)) = 0, we have that
ϕ(α(l))δ˜(l) = α(l)pδ(l) = α(l)p−1d(α(l)) = d˜(α(l)).
10Remark on notation: θ(x) here defines what is usually called a δ-structure in literature,
which features for example in the theory of prismatic cohomology. In this article we reserve the
letter δ for log derivations.
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(5) is clear since δ(ι(n)) = 0 for all n ∈ N . Therefore, we get the desired map
F : ω1A/W (k) → ω
1
A/W (k)
which satisfies F (δ(l)) = δ˜(l) = δ(l) and Fd(x) = d˜(x) = xp−1dx+ dθ(x).
To finish the proof of the proposition, we need to check that (i). dF = pFd on all
of ω∗A/W (k) and (ii). δFL = pFδ on L. For (i), note that ω
∗
A/W (k) is generated over
A by ω1A/W (k), and it is clear that we only need to check the relation on x, dx for
all x ∈ A, and on δ(l) for all l ∈ L. The fact that dF (x) = pFd(x) follows directly
from the construction of F on ω1A/W (k), since Fd = d˜ by construction; on dx and
δ(l), both dF and pFd evaluate to 0 (since dδ = 0 on L). Part (ii) is automatic by
construction of F again, since Fδ = δ. 
We record a variant of the proposition above, which allows slightly more flexible
Frobenius FL on the monoid L.
Proposition 4.7. Let (A,α : L→ A) be a log algebra over W . Suppose that A is
p-torsion free and p-separated, and that ω1A/W is p-torsion free. Also suppose that
the pair (A,L) is equipped with Frobenius morphisms ϕ : A→ A and FL : L→ L
such that
• ϕ(x) ≡ xp mod p is a lifting of the absolute Frobenius mod p;
• FL is compatible with ϕ.
Then the same conclusions of Proposition 4.6 hold except for p-compatibility.
Proof. First we need the following sublemma:
Sublemma 4.8. Retain the notation and assumption of the proposition. For any
k ∈ N, if pk|ϕ(x), then pk|
(
xd−1dx + dθ(x)
)
.
Proof of the sublemma. The case k = 0 is tautological. We proceed by induction.
Suppose that k ≥ 1 and that the sublemma has been verified up to k − 1. Now
let ϕ(x) = pky = xp + pθ(x), since p|ϕ(x), we know that p|x, so x = pz for some
z ∈ A. Since A is p-torsion free, ϕ(x) = pϕ(z) = pky implies that ϕ(z) = pk−1y,
so pk−1|
(
zp−1dz + dθ(z)
)
by induction hypothesis. Note that xp−1dx + dθ(x) =
(pz)p−1d(pz) + dθ(pz) = p
(
zp−1dz + dθ(z)
)
, so the lemma follows. 
Now we proceed as in the proof of Proposition 4.6, but replace δ˜ by
δ˜(l) := δ(FL(l))/p.
We need to show that p|δ(FL(l)) for any l ∈ L for δ˜ to be well-defined. For this we
need the assumption that A is p-separated: write x = α(l), then there exists some
k ∈ N such that pk|ϕ(x) but pk+1 ∤ ϕ(x). By the sublemma above we know that
pk+1|d(ϕ(x)). Now since
ϕ(x) δ(FL(l)) = α(FL(l)) δ(FL(l)) = dα(FL(l)) = dϕ(x)
and that pk+1 ∤ ϕ(x), pk+1|dϕ(x), we know that p|δ(FL(l)) (here we use the as-
sumption that ω1A/W (k) is p-torsion free). The rest of the proof of part (1) is the
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same, except that to check α(l) · δ˜(l) = d˜(α(l)), we need
pd˜(α(l)) = dϕ(α(l))
= dα(FL(l))
= α(FL(l))δ(FL(l))
= ϕ(α(l))δ(FL(l))
= pϕ(α(l))δ˜(l) = pα(l) · δ˜(l).
The rest of the proof is identical to that of Proposition 4.6. 
4.1.3. Frobenius on finite level.
Remark 4.9. Proposition 4.6 will be applied to A =W (R) where R is a reduced
Fp-algebra. For applications later, we remark that the graded ring homomorphism
F can be constructed on the finite length Witt vectors, namely there is a natural
graded ring homomorphism
F : ω∗Wn(R)/Wn(k) → ω
∗
Wn−1(R)/Wn−1(k)
extending the Frobenius F : Wn(R) → Wn−1(R). We prove the claim using the
same strategy as Proposition 4.6, namely we need to construct a log derivation
(d˜, δ˜) of Wn(R)/Wn(k) into F∗ω
1
Wn−1(R)
, where ω1Wn−1(R) is regarded as a Wn(R)
structure via F : Wn(R) → Wn−1(R). We define d˜ as follows: write x ∈ Wn(R)
uniquely as x = [x0] + V x
′ with x′ ∈Wn−1(R) and x0 ∈ R, then define
d˜x := [x0]
p−1d[x0] + dx
′
where [x0] now lives in Wn−1(R). Then define δ˜(m) := δ(m).
• Let us first check that d˜(x+ y) = d˜(x) + d˜(y), for which we only need to show
that if [x0] + [y0] = [x0 + y0] + V z
′, then
[x0]
p−1d[x0] + [y0]
p−1d[y0] = [x0 + y0]
p−1d[x0 + y0] + dz
′.
It suffices to check the equality above in ω1W (R)/W (k). Now for any element z =
[x] + V y ∈ W (R), we claim that
[x]p−1d[x] + dy = zp−1dz + d
(F (z)− zp
p
)
.
This is straightforward by expanding the terms on the right hand side:(
[x] + V y
)p−1
d
(
[x] + V y
)
+ d
( [x]p + py − ([x] + V y)p
p
)
.
Now the desired additivity follows from the proof of Proposition 4.6.
• Next we have
d˜(xy) = [x0y0]
p−1d
(
[x0y0]
)
+ d
(
[x0]
py′ + [y0]
px′ + px′y′
)
=
(
[x0]
p + px′
)(
[y0]
p−1d[y0] + dy
′
)
+
(
[y0]
p + py′
)(
[x0]
p−1d[x0] + dx
′
)
= F (x)d˜y + F (y)d˜x = x · d˜y + y · d˜x
• Finally, (d˜, δ˜) form a log derivation of Wn(R)/Wn(k) into ω
1
Wn−1(R)/Wn−1(k)
,
inducing the desired map F : ω1Wn(R)/Wn(k) → ω
1
Wn−1(R)/Wn−1(k)
, which extends to
a graded ring homomorphism on ω∗Wn(R)/Wn(k).
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4.1.4. Preliminaries II.
Lemma 4.10. Let A be a log algebra over W = W (k) satisfying the conditions
in either Proposition 4.6 or 4.7, and let ω∗ = ω∗A/W be the corresponding log
Dieudonne´ W -algebra given by Proposition 4.6 or 4.7. Let B∗ be a p-torsion free
log Dieudonne´ W -algebra. Then we have a canonical isomorphism between
HomDAlog(ω
∗, B∗) ∼= HomF (A,B
0)
where HomF is as defined in Definition 4.3.
Proof. Given a morphism (f, ψ) ∈ HomF (A,B
0), we need to extend it to a mor-
phism f : ω∗ → B∗ of log Dieudonne´ W -algebras. As in the proof of Proposition
4.6, we construct a map f : ω1A/W → B
1 and extend to a morphism of cdga’s on
ω∗A/W , and check that it is compatible with log differentials δ and Frobenius F . In
particular, we need the following diagram to commute:
A ω1A/W (k)
B0 B1
d
f f
dB
Define df : A −→ B
1 by df = dB ◦ f and δf : L −→ B
1 by δf = δB ◦ψ. One easily
verifies that df (x + y) = df (x) + df (y), df (xy) = f(x)df (y) + f(y)df (x), and that
df (λx) = λdf (x). So df is a derivation of A/W (k) into B
1. To verify that (df , δf )
is a log derivation of A/W , we check that δf (ι(n)) = 0 and that
α(l) · δf (l) = f(α(l)) δB(ψ(l))
= αB(ψ(l)) δB(ψ(l))
= dB αB(ψ(l)) = dB f(α(l)) = δf (α(l)).
Therefore, we have the dotted map f : ω1A/W (k) → B
1 in the diagram above.
ω∗A/W is generated over A by ω
1
A/W , so we extend f to ω
∗
A/W as a differential
graded morphism. Note that f is compatible with δ by construction, so it remains
to show that f is compatible with F . For this we proceed as the proof of Proposition
4.6, namely we check it on x, dx for x ∈ A and δ(l) for l ∈ L since both F and f are
algebra morphisms. We know that Ff(x) = fF (x) by assumption. For dx (where
x ∈ A0), we have
pfF (dx) = fdF (x) = d(fF (x))
= dF (f(x)) = pF (df(x)) = pFf(dx)
and since B∗ is p-torsion free, we get fF (dx) = Ff(dx). Finally for δ(l), we have
(in both setups) δFLA = pFδ, therefore
pfF (δ(l)) = fδ(FLA(l)) = δBψ(FLA(l))
= δB(FLBψ(l)) = pFδB(ψ(l)) = pFf(δ(l))
again this implies that fF (δ(l)) = Ff(δ(l)). 
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4.1.5. Existence of saturated log de Rham–Witt complexes. Now we prove our first
main theorem (Theorem 2 in the introduction). We continue to assume that the
base log point k has the form (k,N) where N\{0} 7→ 0 ∈ k.
Theorem 4.11. Let R = (R,M) ∈ Alglogk be a log algebra over k = (k,N).
The saturated log de Rham–Witt complex Wω∗R/k of R/k exists. Moreover, the
association of R 7→ Wω∗R/k is functorial.
Proof. Without loss of generality assume that R is reduced by replacing it with its
reduced quotient if necessary (for an object B∗ ∈ DAlog,pstr , B
0/V (B0) is reduced
by Remark 2.5). Let W (R) = (W (R), L = M
[α]
−−→ W (R)) be the Witt vector of
R. Since R is reduced, W (R) is p-torsion free. 11 By Proposition 4.6, there exits a
unique log Dieudonne´ W -algebra on the relative log de Rham complexes:
ω∗ = (ω∗W (R)/W (k), L, d, δ, F, FL)
where L =M,FL = p and F (dx) = x
p−1dx+ d(ϕ(x)−x
p
p ). Define
Wω∗R/k =W (ω
∗)sat.
The construction is clearly functorial in R. We claim that Wω∗R/k is the log de
Rham–Witt complex of R/k. To prove the claim, consider any strict p-compatible
log Dieudonne´ W (k)-algebra B∗ ∈ DAlog,pstr , then we have
HomDAlog,pstr
(Wω∗R/k, B
∗) = HomDAlog,p(ω
∗, B∗) by Lemma 3.12
= HomF (W (R), B
0) by Lemma 4.10
= HomF (W (R),W (B
0/V B0)) by Cor 3.14
= HomAlglogk
(R,B0/V B0) by Lemma 4.5

Notation. We denote Wnω
∗
R/k :=Wn
(
(ω∗)sat
)
.
Remark 4.12. For each n ≥ 1, write ω∗n := ω
∗
Wn(R)/Wn(k)
, then in the construction
above we may use lim
←−
ω∗n instead of ω
∗
W (R)/W (k). In other words, consider lim←−
ω∗n as
a p-compatible log Dieudonne´ algebra (see for example Remark 4.9), then we may
define Wω∗R/k as W (lim←−
ω∗n)sat. From the proof of Theorem 4.11, we need to show
that the canonical map ω∗W (R)/W (k) → lim←−
ω∗n induces a bijection 12
HomDAlog,p(ω
∗, B∗) ∼−−→ HomDAlog,p(lim←−
ω∗n, B
∗).
For this, it suffices to show that any map ω∗ → B∗ of log Dieudonne´ algebras
induces a map ω∗n →Wn(B
∗), which is compatible with transition maps as well as
Frobenius maps on both sides, therefore it gives rise to lim
←−
ω∗n → B
∗ on the inverse
limit where the original map factors through. Clearly, we have ω0n = Wn(R) →
WnB
0 = B0/V n(B0). Similar to the proof of Lemma 4.10, we want to show that
11and in fact p-separated (since W (R) →֒ W (K) →֒ W (Kperf) where K = Fr(R)), however
ω1
W (R)/W (k)
is not p-torsion free.
12This is slightly different from the setup in Lemma 4.17, where ω̂∗ there denotes the p-adic
completion, while our limit here is the “V-completion.”
LOG DE RHAM–WITT 25
the map ω1W (R)/W (k) → B
1 factors through ω1n → WnB
1. This follows from the
description of ω1W (R)/W (k), which is given by the quotient
Ω1W (R)/W (k) ⊕ (W (R)⊗M
gp)/ ∼
where relations are specified in Subsection A.2.2. This tells us that the kernel of
ω1W (R)/W (k) → ω
1
n is generated by im(V
n) + im(dV n) as desired.
4.2. Choice of charts. In forming the saturated log de Rham–Witt complexes for
a saturated log algebra (R,M), we might have different log structures on R which
give rise to the same affine log scheme (SpecR,Ma), which amounts to different
choices of charts for the log structure Ma. This choice is almost irrelevant in our
discussion, since the underlying Dieudonne´ algebras will be the same. Now we
make this more precise. Let (R,α : M → R) be a log algebra over k. Following
our convention in Introduction 1.5, let Ma be the log structure associated to the
constant pre-log structure M on SpecR. Let M sh = Γ(SpecR,Ma) and denote
the log algebra (R,M sh) by Rsh.
Proposition 4.13. The induced map Wω∗R/k → Wω
∗
Rsh/k
of the saturated log
de Rham–Witt complexes from R → Rsh is an isomorphism on the underlying log
Dieudonne´ algebras. In particular, if (R,M) and (R,M ′) are two charts for the
affine log scheme (SpecR,Ma), then the underlying Dieudonne´ algebra of their
saturated log de Rham–Witt complexes are isomorphic.
Proof. It suffices to show that for each n ≥ 1, the log algebras β : M →Wn(R) and
βsh : M sh → Wn(R) give rise to the same log structures over SpecWn(R), since it
implies that there is an isomorphism
ω∗(
Wn(R),M
)
/Wn(k)
∼−−→ ω∗(
Wn(R),Msh
)
/Wn(k)
.
The proposition then follows from Remark 4.12.
Now write X = SpecR. Let OX be the structure sheaf of the e´tale site of X ,
and Wn(OX) be the sheaf sending U 7→ Wn(Γ(U,OX)).
13 We need to show that
the following two pushouts
β−1(O×SpecWn(R)) O
×
SpecWn(R)
M
(βsh)−1(O×SpecWn(R)) O
×
SpecWn(R)
M sh
of e´tale sheaves of monoids over (SpecWn(R))e´t are isomorphic. By topological
invariance of e´tale sites, we may compute the pushout of sheaves over Xe´t. Over
X , the pre-log structure β corresponds to morphism of monoids
β :M
α
−→ OX
γ
−→Wn(OX)
where γ is given by Teichmuller liftings. Note that γ−1(Wn(OX)
×) = O×X since
for any algebra R the intersection Wn(R)
× ∩ [R] is precisely [R×]. We have
13It is straightforward to directly check that the pre-sheaf Wn(OX) is a Zariski sheaf, and
satisfies the sheaf condition for an e´tale cover R → R′. It corresponds to the structure sheaf
on (SpecWn(R))e´t under the identification of e´tale topos X
∼
e´t
∼= (SpecWn(R))∼e´t by topological
invariance of the e´tale site and the fact that, for any e´tale morphism R → R′, the induced map
Wn(R)→Wn(R′) is e´tale.
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β−1(Wn(OX)
×) = α−1(O×X), so the first pushout can be computed by two steps,
as in the diagram
α−1(O×X) O
×
X Wn(OX)
×
M
α γ
.
The first pushout precisely computesMa, which is isomorphic to (Msh)a by Lemma
A.1, therefore M and M sh indeed induces the same log structures on SpecWn(R),
hence the Proposition follows. 
Remark 4.14. The proof we give of Proposition 4.13 is somewhat indirect (for
example it involves Remark 4.12). One issue is that we do not know whether M
and M sh give rise to the same log structures over W (R). However, if we assume
that R/k is log smooth of log Cartier type, then the proposition immediately follows
from Corollary 2.10 and Proposition 4.22, since we have the following commutative
diagram of cdga’s
ω∗R/k W1ω
∗
R/k
ω∗
Rsh/k
W1ω
∗
Rsh/k
∼
∼
where the left vertical arrow is an isomorphism by Lemma A.1.
4.3. Construction via log Frobenius liftings. In this subsection we discuss
another construction of saturated log de Rham Witt complexes for log algebras
which admit liftings to W (k) together with lifts of Frobenius.
4.3.1. Log Frobenius liftings. We record a (variant of a) definition from [LZ04].
Definition 4.15. Let (f, ψ) : SpecR = (SpecR,M) → Spec k be a morphism of
affine pre-log schemes with integral pre-log structures.
(1) A Witt-lifting of f consists of a system(
An = (An,Mn), δn :Wn(SpecR)→ (SpecAn,Mn)
)
n≥1
,
where (A1,M1) = (R,M), and satisfies the following list of conditions:
• SpecAn = (SpecAn,Mn) is log-smooth over Wn(Spec k);
• For each n, the following diagram is cartesian
SpecAn SpecAn+1
Wn(Spec k) Wn+1(Spec k)
R

R
where R : An+1 → An is the transition map of the inverse system.
• The maps δn are compatible with the system (SpecAn) under the
transition maps: namely, for each n, the following diagram commutes
Wn(SpecR) Wn+1(SpecR)
SpecAn SpecAn+1
R
δn δn+1
R
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(2) A log Frobenius lifting of f consists of a projective system
(An, δn, ϕn)n≥1
where (An, δn) is a Witt-lifting of f , and ϕn : SpecAn → SpecAn+1 is a
collection of morphisms of pre-log schemes satisfying:
• It is compatible with the Frobenius on SpecR given by the pth power
Frobenius on R and multiplication by p on M .
• It is compatible with the Frobenius of Witt vectors on both Spec k and
SpecR. In other words, the following diagrams commute:
SpecAn+1 Wn+1(SpecR)
SpecAn Wn(SpecR)
Wn+1(Spec k)
Wn(Spec k)
R
R
ϕn Fn
Fn
(3) A log Frobenius lifting (An = (An,Mn), δn, ϕn) of f is called p-compatible,
if the log-restriction map R : Mn+1 → Mn is identity for all n ≥ 1 (so in
particular Mn = M for all n) and the log Frobenius map ϕn : M → M is
multiplication by p.
Though we stated the definitions on log algebras following [LZ04], it is clear that
one can globalize and extend the definition to pre-log schemes in general.
Lemma 4.16. Suppose thatR is log-smooth over k, then there exists a p-compatible
log Frobenius lifting (An, δn, ϕn) of R. More generally, let f : X → Spec k be a
log-smooth morphism of fine (pre-)log schemes, then a p-compatible log Frobenius
liftings exist e´tale locally.
Proof. This follows from Proposition 3.2 in [LZ04] and Lemma 5.5 of [Mat17].
The morphism (k,N) → (R,M) factors through the morphism (k,N) → (k ⊗Z[N ]
Z[M ],M) → (R,M), where the second map is e´tale on the underlying rings. The
first arrow admits a p-compatible log Frobenius lifting given by (Tn,M) where
Tn := Wn(k) ⊗Z[N ] Z[M ] and ϕn is given by a ⊗ b 7→ F (a) ⊗ bp ∈ Tn−1. Then we
need to lift the e´tale morphism T1 → R along · · ·Tn → Tn−1 → · · · → T1, which
exists by [LZ04] Proposition 3.2. Note that the log structure on each An is given
by M → Tn → An (while ϕn|M is still multiplication by p), so in particular we
have constructed a p-compatible log Frobenius lifting. 
4.3.2. Log de Rham–Witt complex via log Frobenius liftings. We make the following
assumptions for the rest of this Subsection.
Suppose that R/k is integral and admits a p-compatible log Frobenius lifting
A = (An, δn, ϕn).
Typical examples include log algebras R that are log-smooth and integral over
k by Lemma 4.16. Note that our definition of log-smooth requires the monoid
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M to be integral and coherent, but this is different from requiring the morphism
SpecR→ Spec k to be integral, see Appendix A.3.1.
Write Â = (Â,M) where Â = lim
←−
An and it is equipped with the log structure
from the filtered inverse limit. Â defines an affine formal scheme with the p-adic
topology. Then we may form the completed log de Rham complex
ω̂∗
Â/W (k)
(= ω̂∗) := lim
←−
n
ω∗An/Wn(k)
∼= lim←−
n
(
ω∗
Â/W (k)
/pn
)
.
From Subsection A.3.1, f being integral means that the map Z[N ]→ Z[M ] induced
from the map of monoids is flat, therefore for each n, SpecAn → SpecW (k) is
log-smooth and integral, hence flat. Now we observe that the restriction map
R : An+1 → An is surjective, so the inverse limit Â is also flat over W (k), hence
p-torsion free. This allows us to apply Proposition 4.6 and get a log Dieudonne´
algebra ω∗
Â/W (k)
. The completed log de Rham complex ω̂∗
Â/W (k)
has a unique cdga
structure such that the canonical map ω∗
Â/W (k)
→ ω̂∗
Â/W (k)
is a map of cdga’s.
Moreover, ω̂∗
Â/W (k)
inherits the Frobenius structure from ω∗
Â/W (k)
which makes it
a p-compatible log Dieudonne´ algebra.
4.3.3. Preliminaries III. The following lemma is a variant of Lemma 4.10. In this
lemma we do not need to assume that A comes from log Frobenius liftings.
Lemma 4.17. Let A be a log algebra overW (k) satisfying the conditions in either
Proposition 4.6 or Proposition 4.7, and let ω∗ = ω∗A/W (k) be the log Deiudonne alge-
bra constructed there. Let ω̂∗ be the p-completion of ω∗, which is a p-complete log
Dieudonne´W (k)-algebra. Then for any p-torsion free and p-complete log Dieudonne´
W (k)-algebra B∗, the canonical map
HomDAlog(ω̂
∗, B∗) ∼= HomF (A,B
0)
is a bijection. Suppose that B∗ is in addition strict and p-compatible, then there
is in fact a canonical bijection between
HomDAlog(ω̂
∗, B∗) ∼= Hom(A/p,B0/V B0)
where the second set denotes homomorphisms of log algebras over k.
Proof. The first assertion follows directly from Lemma 4.10. For the second asser-
tion, we appeal to the Cartier-Dieudonne´-Dwork lemma, which in our setup says
that, since A is equipped with a lift of Frobenius ϕ satisfying ϕ(a) ≡ ap for all
a ∈ A, a homomorphism h : A→ B0/V B0 has a unique lift to a homomorphism
h : A→W (B0/V B0)
µ−1
−−→ B0
such that F ◦ h = h ◦ ϕ. We still need to check that, given a morphism of log
algebras (h, ψ), its lift (h, ψ) : A → B0 is a morphism of log algebras, namely the
top square in the left diagram commutes:
L LB
A B0
B0/V B0
ψ
h
h
L LB
B0/V B0
A B0
ψ
[ ]
h
h
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This is indeed the case, since the log structure onB
0
factors through the Teichmuller
lifts by Corollary 3.14, as the diagram on the right indicates (where the outer square
is the top square in the left diagram). Moreover, this also shows that any map
(h, ψ) : A → B0 of log algebras comes from the lifting of a pair (h, ψ). Finally,
since p is 0 in B0/V B0, we get HomF (A,B
0) = Hom(A/p,B0/V B0) as desired. 
4.3.4. Comparison with log de Rham–Witt complexes. Now let us apply the lemma
above to the setup in Subsection 4.3.2, namely when Â comes from a log Frobenius
lifting of R. We have
HomDAlog,p(ω̂
∗
Â/W (k)
,Wω∗R/k)
∼= Hom(R,W1ω
0
R/k)
Let e : R → W1ω
0
R/k be the tautological map from the definition of the log de
Rham–Witt complex Wω∗R/k. Then (e, id) : R→W1ω
0
R/k gives rise to a map
υ : ω̂∗
Â/W (k)
→Wω∗R/k
in the category DAlog,p of p-compatible log Dieudonne´ W -algebras.
Proposition 4.18. The map υ induces a canonical isomorphism
W
(
ω̂∗
Â/W (k)
)
sat
∼−−→ Wω∗R/k.
We denote this isomorphism again by υ.
Proof. By constructionW
(
ω̂∗
Â/W (k)
)
sat
∈ DAlog,pstr , so it suffices to show that for any
B∗ ∈ DAlog,pstr , the map υ :W
(
ω̂∗
Â/W (k)
)
sat
→Wω∗R/k induces a bijection between
HomDAlog,pstr
(Wω∗R/k, B
∗)
?
= HomDAlog,pstr
(W
(
ω̂∗
Â/W (k)
)
sat
, B∗).
This follows from the following commutative diagram
HomDAlog,pstr
(Wω∗R/k, B
∗) HomDAlog,pstr
(W
(
ω̂∗
Â/W (k)
)
sat
, B∗)
HomDAlog,p(ω̂
∗
Â/W (k)
, B∗)
HomAlglogk
(R,B0/V B0) HomAlglogk
(R,B0/V B0)
υ
Thm.4.11
Lemma 4.17

Therefore, if R/k is integral and admits a p-compatible log Frobenius lifting,
the saturated the log de Rham–Witt complex of R/k can be constructed by taking
ω̂∗
Â/W (k)
, and then taking its associated V -complete saturation (cf. Subsection 3.4).
4.4. Comparison with more general log Frobenius liftings. The goal of this
Subsection is to prove a more general form of part (2) of Theorem 7. In general,
we cannot construct the log de Rham–Witt complexes from a non-p-compatible
Frobenius lifting of R/k as we did in Subsection 4.3. However, in many cases we
can still compare the completed log de Rham complexes of Frobenius liftings with
Wω∗R/k in the derived category. This crucially relies on the notion of log-Cartier
type (cf. Subsection A.3.2).
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In this subsection, we consider the following setup
Suppose that R/k is log-smooth of log-Cartier type (which is in particular
integral), and (An, ϕn, δn) is any log Frobenius lifting such that Â = lim←−
An is
p-torsion free (but the lifting may not be p-compatible).
By construction Â is p-complete. Moreover, each ω1Rn/Wn(k)
is a finitely generated
locally free module over An = Â/p
n, by log smoothness of An/Wn(k). Therefore,
ω̂1
Â/W (k)
= lim
←−
ω1Rn/Wn(k)
is locally free over Â, and is in particular p-torsion free.
Then Â satisfies the condition in Proposition 4.7, with ω̂1
Â/W (k)
replacing ω1
Â/W (k)
in the requirement there. Following the same proof of Proposition 4.7, where instead
of constructing δ˜ : M˜ → ω1
Â/W (k)
we only need to construct δ˜ : M˜ → ω̂1
Â/W (k)
, the
same conclusion of Proposition 4.7 holds. More precisely, ω̂∗
Â/W (k)
is equipped with
a Frobenius extending ϕ = lim
←−
ϕn, which makes it a log Dieudonne´W (k)-algebra,
14
and there is a bijection
HomDAlog(ω̂
∗
Â/W (k)
,Wω∗R/k)
∼= Hom(R,W1ω
0
R/k).
The tautological map e : R→W1ω
0
R/k again induces a map
υ : ω̂∗
Â/W (k)
→Wω∗R/k.
Remark 4.19. Unlike the previous subsection, in general υ will not induce an
isomorphism from the complete saturation W
(
(ω̂∗
Â/W (k)
)sat
)
of ω̂∗
Â/W (k)
to the
saturated log de Rham–Witt complex, unless ω̂∗
Â/W (k)
is p-compatible.
Theorem 4.20. Let R and Â be as in the setup above, then the map
υ : ω̂∗
Â/W (k)
→Wω∗R/k
induces a quasi-isomorphism on the underlying cochain complexes.
Proof. (1). First suppose that the Frobenius lift is p-compatible, then by Proposi-
tion 4.18, we have
υ : ω̂∗
Â/W (k)
→W (ω̂∗
Â/W (k)
)sat
∼−−→ Wω∗R/k.
Since both ω̂∗
Â/W (k)
and Wω∗R/k are p-torsion free and p-complete, it suffices to
show that υ is a quasi-isomorphism after mod p. In other words, we need to show
that
ω̂∗
Â/W (k)
/p→ (ω̂∗
Â/W (k)
)sat/p→W (ω̂
∗
Â/W (k)
)sat/p
∼−−→ Wω∗R/k/p
is a quasi-isomorphism. The rest of the proof is similar to the proof of Corollary
2.11. The key point is that the underlying Dieudonne´ algebra ω̂∗
Â/W (k)
satisfies the
Cartier criterion (cf. Definition 2.9)
F : ω̂∗
Â/W (k)
/p ∼= ω∗R/k
∼−−→ H∗(ω•R/k)
∼= H∗(ω̂•
Â/W (k)
/p)
14Though we construct the log Dieudonne´ algebra ω̂∗
Â/W (k)
directly using universal properties
of ω̂1
Â/W (k)
, Lemma 4.17 still holds by inspecting its proof (as well as the proof of Lemma 4.10).
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by Proposition A.10. To finish the proof, note that both of the maps of cochain
complexes (ω̂∗
Â/W (k)
)sat/p → W (ω̂
∗
Â/W (k)
)sat/p and ω̂
∗
Â/W (k)
/p → (ω̂∗
Â/W (k)
)sat/p
are quasi-isomorphisms by Corollary 2.10.
(2). Now we treat the general case. Again we need to show that
υ : ω̂∗
Â/W (k)
/p ∼= ω∗R/k
υ mod p
−−−−−−→Wω∗R/k/p
is a quasi-isomorphism. The map υ in fact depends on the lifting Â of R and ϕ
of Frobenius, but the induced map in the derived category is independent of the
lifting. More precisely, let Â′/W be a p-compatible formal lift of R/k (which exists
thanks to Lemma 4.16), then we consider the following diagram
ω̂∗
Â/W (k)
ω∗R/k Wω
∗
R/k/p W1ω
∗
R/k
ω̂∗
Â′/W (k)
ω∗R/k Wω
∗
R/k/p W1ω
∗
R/k
υ pr
υ′ pr
where pr : Wω∗R/k/p ։ Wω
∗
R/k/Fil
1 = W1ω
∗
R/k is the canonical projection map.
Unwinding definitions, we see that pr ◦ υ = pr ◦ υ′, namely that the square in the
diagram commutes. From step (1), we know that υ′ is a quasi-isomorphism. By
Proposition 4.22, pr ◦ υ′ is an isomorphism, therefore pr is a quasi-isomorphism.
This in turn (using Proposition 4.22 again) implies that υ is a quasi-isomorphism.
This concludes the theorem. 
Remark 4.21. We give two remarks on the proof.
• The proof of the general case (part (2)) uses Proposition 4.22. The proof of
Proposition 4.22 builds on the conclusion of the special case of the theorem where
there is a p-compatible log Frobenius lift (i.e. part (1) in the proof), but does not
use part (2) of this proof. Therefore there is no circular argument.
• In general υ does not agree with υ′ when R is non-perfect. To see this, observe
that the map υ comes from the algebra fϕ : Â→W (R), obtained by applying the
Cartier-Dieudonne´-Dwork lemma (see the proof of Lemma 4.17). The map fϕ is
the composition Â → W (Â) → W (R), where the first map can be determined on
its ghost coordinates by
Â −→W (Â)
gh
−֒−→ Â N, x˜ 7→ (x˜, ϕ(x˜), ϕ2(x˜), ...).
On Witt coordinates, fϕ(x˜) = (x˜, θ(x˜), ...) where θ(x˜) = (ϕ(x˜)− x˜
p)/p mod p ∈ R.
The reduction mod p of fϕ gives υ|R : R = Â/p → W (R)/p, which depends on Â
and ϕ. This is not surprising since without the liftings, we cannot produce a map
from R =W (R)/V →W (R)/p when R is non-perfect.
4.5. Comparison with de Rham complexes in characteristic p. Let R/k be
a log algebra and letWω∗R/k be its saturated log de Rham–Witt complex. We have
a map (e, id) : R→W1ω
0
R/k, which extends uniquely to a map ν : ω
∗
R/k →W1ω
∗
R/k
of cdga’s that is compatible with log structures and log differentials (In fact, ν =
pr ◦ υ = pr ◦ υ′ in the proof of Theorem 4.20). We have already used the following
proposition to prove part (2) of Theorem 4.20.
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Proposition 4.22. Suppose that R/k is log-smooth of log-Cartier type, then
ν : ω∗R/k →W1ω
∗
R/k
is an isomorphism of cdga’s.
Proof. The proof is identical to that of Proposition 4.3.2 of [BLM18]. Let (Â,M)
be a p-compatible formal lift of R over W , which exists by Lemma 4.16. Then we
have a commutative diagram of cochain complexes
ω∗R/k H
∗(ω∗R/k) = H
∗(ω̂∗
Â/W (k)
/p)
W1ω
∗
R/k
Wω∗R/k/p H
∗(Wω∗R/k/p)
C−1
υ
ν
H(υ)
F1
F
q
where both complexes on the right are equipped with the Bockstein differentials as
in Subsection 2.2. The vertical maps are both induced by υ : ω̂∗
Â/W (k)
→ Wω∗R/k,
while the bottom triangle is the triangle above Lemma 2.8 applied to the log de
Rham–Witt complex.
From the proof of part (1) of Theorem 4.20, υ is a quasi-isomorphism, so H(υ)
is an isomorphism. The map F1 is an isomorphism by part (2) of Lemma 2.8.
Finally, by the assumption that R/k is log-smooth of log-Cartier type, C−1 is an
isomorphism. Therefore, ν is an isomorphism. 
Consequently, we have
Corollary 4.23. Let R/k be log-smooth of log-Cartier type, then the projection
Wω∗R/k →W1ω
∗
R/k
ν−1
−−→ ω∗R/k induces a quasi-isomorphism
pr :Wω∗R/k/pWω
∗
R/k
∼−−→ ω∗R/k
of cochain complexes.
In other words, Wω∗R/k is a deformation of ω
∗
R/k in the derived category.
Proof. This is immediate from the commutative diagram above, since υ is an iso-
morphism. 
Remark 4.24. Now suppose that R/k satisfies the assumption in Proposition
4.22, then it follows from R ∼−−→ W1ω
0
R/k and by Remark 2.5 that R is reduced.
Therefore we obtain the follow corollary mentioned in the introduction.
Corollary 4.25. LetX be a fine log scheme over k that is log-smooth of log-Cartier
type, then the underlying scheme X is reduced.
This recovers a known result in log geometry. Suppose in addition that X and
Spec k are saturated log schemes as defined in [Tsu19]. From loc.cit. II.2.14 and
II.3.1 (which is attributed to Kato) it follows that X is of log-Cartier type if and
only if the morphism X → k is saturated, and by Theorem II.4.2 of loc.cit. the
latter condition is equivalent to X being reduced.
Our next remark is helpful for the discussion on monodromy operator.
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Remark 4.26. If we look closely at the proof of Theorem 4.20 and Proposition
4.22, the assumption that R/k is log-smooth of log-Cartier type is used to guarantee
that the following two criterions hold:
There exists a lift A/W (k) of R together with a lift of Frobenius(1)
such that ω∗A/W (k) is p-torsion free over W (k).
The Cartier isomorphism C−1 : ωiR/k
∼−−→ Hi(ω∗R/k) holds.(2)
Thus the conclusions of Theorem 4.20 and Proposition 4.22 continue to hold for all
log algebras R/k that meet the two criterions above.
4.6. E´tale base change of log de Rham–Witt complexes. In this subsection,
we show that the saturated log de Rham–Witt complex Wω∗R/k behaves well with
respect to e´tale base change, therefore, for any quasi-coherent log scheme X over
k, we obtain a sheaf Wω∗X/k of log Dieudonne´ algebras on the e´tale site Xe´t.
To formulate the e´tale base change we consider the category of log cdga’s, whose
objects consist of A∗ = (A∗,M, d, δ) where (A∗, d) is a cdga,M
α
−→ A0 a log algebra
and δ : M → A1 a monoid morphism (with the additive monoid structure on A1)
satisfying d ◦ δ = 0 and α(m)δ(m) = d(α(m)) for any m ∈M . Morphisms between
A∗, B∗ are pairs of maps (f, ψ) where f : A∗ → B∗ is a morphism of cdga’s and
ψ :MA →MB is a morphism of monoids, compatible with α and δ.
Definition 4.27.
• A morphism (f, ψ) : (A,LA) → (B,LB) of log algebras is naively e´tale if
f : A→ B is e´tale and ψ is an isomorphism of monoids.
• A morphism (f, ψ) : A∗ → B∗ between log cdga’s is e´tale if its restriction
on the log algebra (f, ψ) : (A0,MA) → (B
0,MB) is naively e´tale and f
induces an isomorphism A∗ ⊗A0 B
0 → B∗ of graded algebras.
• If A∗, B∗ ∈ DAlogstr are strict log Dieudonne´ algebras, then (f, ψ) : A
∗ →
B∗ is V -adically e´tale if for each n ≥ 1, the induced map of log cdga’s
Wn(A
∗)→Wn(B
∗) is e´tale.
If A∗ is a log cdga, then we denote by E´tA∗ the category of log cdga’s which are
e´tale over A∗. Similarly, if A∗ ∈ DAlogstr , then we denote by VE´tA∗ the category of
V -adically e´tale A∗-algebras in DAlogstr . Morphisms in E´tA∗ are morphisms of log
cdga’s (resp. morphisms in VE´tA∗ are morphisms of log Dieudonne´ algebras).
Proposition 4.28.
(1). Let A∗ be a log cdga, then the functor B∗ 7→ B0 induces an equivalence of
categories between
E´tA∗
∼−−→ E´tA0 = {e´taleA
0-algebras}.
(2). Let A∗ ∈ DAlogstr , the functor that sends a V-adically e´tale A
∗-algebra B∗ ∈
DAlogstr to the A
0/V (A0)-algebra B0/V (B0), induces an equivalence of categories
VE´tA∗
∼−−→ E´tA0/V (A0) .
Proof. Note that the functor B∗ 7→ B∗ forgetting the log structure on B∗ is an
equivalence of categories between e´tale A∗-algebras and e´tale A∗-algebras. Likewise
B∗ 7→ B∗ induces an equivalence between VE´tA∗ and VE´tA∗ . Therefore claim (1)
and (2) follow from Proposition 5.3.2 and Theorem 5.3.4 in [BLM18] respectively.

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By the same proof of Corollary 5.3.5 of [BLM18], we arrive at
Corollary 4.29. Let R = (R,M) be a log algebra over k, and let R → S be an
e´tale morphism of k-algebras. Let S = (S,M) be the naively e´tale algebra over
R. Then for any n ≥ 1, the map Wnω
∗
R/k → Wnω
∗
S/k is e´tale. In other words,
Wω∗R/k → Wω
∗
S/k is V-adically e´tale. Moreover, we have the following natural
isomorphism of graded algebras
Wnω
∗
R/k ⊗Wn(R) Wn(S)
∼−−→ Wnω
∗
S/k.
Remark 4.30 (Other approaches for e´tale base change). In the special case when
R is log-smooth over k of log-Cartier type, we can also deduce the base change iso-
morphismWnω
∗
R/k⊗Wn(R)Wn(S)
∼−−→ Wnω
∗
S/k by comparing to the log de Rham–
Witt complexes constructed by Hyodo–Kato (which is defined globally on the e´tale
site) or Matsuue (using Proposition 3.6 in [Mat17]), once we prove the comparison
theorems for such log algebras (Propositions 5.6 and x5.9).
Now for any quasi-coherent log scheme X over Spec k, we construct the sheaf of
log de Rham–Witt complexes Wω∗X/k on Xe´t.
Definition 4.31. Let X = (X,MX) be a log scheme over k. Define Xe´t,aff to be
the site of “small enough” affine e´tale opens where the log structure of X admits
charts. More precisely, the objects of Xe´t,aff are e´tale morphisms U
h
−→ X over k
where U = SpecR is affine, such that there exists a constant log structure L→ R
and an isomorphism (LU )
a ∼−−→ MX |U := h
∗MX . Here (LU )
a is the associated log
structure of the constant pre-log structure LU → OU . The topology on Xe´t,aff is
given by e´tale coverings.
It is straightforward to check that Xe´t,aff indeed forms a site. Moreover, if the
log structure MX admits charts e´tale locally, then these small affine opens form a
basis for the e´tale topology on X .
Lemma 4.32. Suppose that X is a quasi-coherent log scheme over k, then the
restriction of an e´tale sheaf from Xe´t to Xe´t,aff induces an equivalence of topoi.
Proof. The canonical functor u : Xe´t,aff −→ Xe´t is clearly continuous, cocontinuous,
and satisfies the property that any e´tale open Y ∈ Xe´t admits a cover by {Ui} in
Xe´t,aff, as the log structure MX is quasi-coherent by assumption. Therefore u
induces an equivalence Sh(Xe´t,aff)
∼−−→ Sh(Xe´t)
15. 
Theorem 4.33. Let X = (X,MX) be a quasi-coherent log scheme over k. There
exists a unique sheaf Wω∗X/k on Xe´t valued in log Dieudonne´ algebras, such that
on each e´tale local chart (U,L) = Spec(R,L) of X, there is a canonical map of log
Dieudonne´ algebras
Wω∗R/k −→ Γ(U,Wω
∗
X/k)
given by an isomorphism on the underlying Dieudonne´ algebras, and L→ Γ(U,MX)
on the log structures.
Proof. We will construct Wω∗X/k as the inverse limit of the tower
· · · → Wnω
∗
X/k →Wn−1ω
∗
X/k → · · · → W1ω
∗
X/k,
15For example by [dJea19] 03A0
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so it suffices to construct the sheaf of abelian groupsWnω
i
X/k for each n ≥ 1, i ≥ 0.
By Lemma 4.32 it suffices to construct each Wnω
∗
X/k on Xe´t,aff.
Now we define a presheaf of abelian groups Wnω
i
X/k : Xe´t,aff → Ab as follows.
For each U = SpecR→ X in Xe´t,aff, we write M(U) := Γ(U,MX), and define
Wnω
i
X/k(U → X) :=Wnω
i
(R,M(U))/k.
This is clearly a presheaf.16 We need to show that this presheaf is a sheaf on
Xe´t,aff. For this it suffices to check that, on each e´tale opens U = SpecR ∈ Xe´t,aff,
the restriction Wnω
i
X/k Ue´t,aff defines a sheaf on Ue´t,aff = Xe´t,aff/U , which consists
precisely of all e´tale R-algebras. In other words, we may assume that X = SpecR
is a “small enough” affine log scheme which admits a chart for its log structure.
Now let R→ S be an e´tale map, write V = SpecS, then we have morphisms
Wnω
i
(R,M(X))/k
γ1
−→Wnω
i
(S,M(X))/k
γ2
−→Wnω
i
(S,M(V ))/k
by functoriality (of saturated log de Rham–Witt complexes). γ2 is an isomorphism
by Lemma A.2 and Proposition 4.13. By Corollary 4.29, we know that
Wnω
i
(S,M(V ))/k
∼=Wnω
i
(R,M(X))/k ⊗Wn(R) Wn(S).
Now by the invariance of e´tale sites under nilpotent thickenings and Theorem 5.4.1
of [BLM18], we know that the association S 7→ Wn(S) identifies the e´tale alge-
bras over R with e´tale algebras over Wn(R). Therefore, on the affine e´tale site(
SpecWn(R)
)
e´t,affine
, the presheaf Wnω
i
X/k is in fact a sheaf associated to the
Wn(R)-module Wnω
i
(R,M(X))/k, by standard e´tale descent. It is straightforward to
keep track of differentials, Frobenius operators, as well as the monoid morphisms
MX →Wω
0
X/k and MX
δ
−→Wω1X/k, hence the theorem follows. 
Remark 4.34. It might be possible to develop the global theory directly by working
with sheaves of log Dieudonne´ algebras over Xe´t, by mimicking the steps used in
the proof of Theorem 4.11. However, we prefer to work locally and then globalize
in the last step. Otherwise it seems that one needs to sheafify at each step and
it becomes more involved to describe global sections. In fact, for our application
to Ainf-cohomology of X (see Introduction for the setup), it is more convenient to
construct the saturated log de Rham–Witt complexes in local charts. For example,
as discussed in the introduction, the log structures do not appear so transparently
on AΩX⊗
LW (k), but we could get around this problem locally by choosing a certain
coordinate. Moreover, the formal log scheme X is strictly speaking not log-smooth
over the base OC , since the log structures are not coherent (finitely generated).
This will not become an issue if we restrict to small enough charts, where we could
pretend that X is log-smooth over OC since all the information of the log structures
over these charts are contained in a discrete subring O ⊂ OC . For the detail of
these discussions see Subsection 6.1, 7.2, and Remark 6.1.
16We remark that the value of WnωiX/k(U → X) is independent of the choice of chart on U ,
by Proposition 4.13. In fact, the constant monoid M(U) gives a (functorial) choice of chart on
each U ∈ Xe´t,aff, by Lemma A.1.
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5. Comparison theorems
In this section we show that our log de Rham–Witt complexes agree with the
construction of Hyodo–Kato and Matsuue for log-smooth schemes of log-Cartier
type. In particular, in this entire section our log schemes (X and Y ) are assumed to
be log-smooth of log-Cartier type over k = (k,N), where N\{0} 7→ 0, in particular,
all log structures are assumed to be fine (and hence quasi-coherent) in this Section.
5.1. Comparison with the constructions of Hyodo–Kato. In [HK94], Hyodo–
Kato constructs a log de Rham–Witt complex WHKω∗X/k using the log crystalline
site, as a generalization of [IR83] 17. Let X/k be a log-smooth scheme over k of
log-Cartier type, and let (X/Wn)log -cris be the log crystalline site of X over Wn,
where Wn =Wn(k) is equipped with the standard PD structure. Let
ulogX/Wn : (X/Wn)log -cris → Xe´t
be the canonical projection to the e´tale site. Now define
WHKn ω
i
X/k := R
iulogX/Wn,∗(OX/Wn)
where OX/Wn is the structure sheaf on the log crystalline site. These objects are
equipped with (collections of) operators d, F, V , and the canonical projections R,
which we now briefly recall (for detail, see 4.1 and 4.2 of [HK94]). Let C∗n be a
crystalline complex (for a chosen embedding system, cf. 2.18-2.19 of loc.cit), which
computes RulogX/Wn,∗(OX/Wn) (cf. Proposition 2.20 of loc.cit),
• Define d : WHKn ω
i
X/k → W
HK
n ω
i+1
X/k to be the “Bockstein differential” in-
duced from the exact sequence 0→ C∗n
pn
−→ C∗2n → C
∗
n → 0.
• Let F :WHKn ω
i
X/k →W
HK
n−1ω
i
X/k be the map induced by C
∗
n → C
∗
n−1.
• Let V :WHKn−1ω
i
X/k →W
HK
n ω
i
X/k be the map induced by C
∗
n−1
p
−→ C∗n.
• Define Rn : W
HK
n ω
i
X/k → W
HK
n−1ω
i
X/k as follows. Let µn : H
i(C∗n) 7→
Hi(ηpC
∗
n−1) be the map induced by x 7→ p
ix on the level of cochain com-
plexes 18, and let ψ : Hi(C∗n−1)
∼−−→ Hi(ηpC
∗
n−1) be the isomorphism given
by Lemma 2.25 of [HK94], then define Rn := µn ◦ ψ
−1.
As mentioned in Subsection 2.4, this is essentially the same construction as the
inverse functor in Remark 2.13. We then take the inverse limit along the restriction
maps to form the Hyodo–Kato complex WHKω∗X/k := lim←−R
WHKn ω
∗
X/k.
Theorem 5.1. Let X be a log scheme over k that is log-smooth of log-Cartier
type. Then there is a natural isomorphism of sheaves of complexes
Wω∗X/k
∼−−→ WHKω∗X/k
compatible with Frobenius operators on both sides, which can be upgraded to an
isomorphism of sheaves of log Dieudonne´ algebras.
17In particular, their construction is global, while our log de Rham–Witt complex (as well as
Matsuue’s version, reviewed in the next subsection) is constructed e´tale locally and then globalized.
18The complex “ηpC∗n−1” needs justification, since C
∗
n−1 is p
n−1-torsion. This is in fact
the complex denoted by E∗n−1 in [HK94], where E
i
n−1 is defined to be “(ηpCm)
i/pn−1” for m
sufficiently large, where ηpCim = {x ∈ p
iCim : dx ∈ p
i+1Ci+1m } as usual. For m > n+ i + 1, the
issue of p-torsion goes away and the quotient (ηpCm)i/pn−1 is well-defined.
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Remark 5.2. In particular, Wω∗X/k computes the log crystalline cohomology for
quasi-coherent log-smooth schemes of log-Cartier type.
The proof of the Theorem will be given in the end of this Subsection. We first
restrict to the affine case. Let Y = (SpecR,M) be an affine log scheme over k, and
consider the Hyodo–Kato complex in the affine setup
WHKω∗R/k := Γ(Y,W
HKω∗Y /k) = lim←−
Rn
Γ(Y,WHKn ω
∗
Y /k).
Unwinding definitions, we see that the canonical projections Rn commute with
operators d, F and V on each finite level. Therefore we obtain a cochain complex
in the inverse limit, equipped with F and V . By relations given in 4.1.1 of [HK94],
WHKω∗R/k is a Dieudonne´ complex (cf. Subsection 2.4).
Lemma 5.3. The Frobenius F on WHKω∗R/k is a graded ring homomorphism.
This is of course of no surprise and probably well-known to experts, but we
cannot track down an explicit proof, so we record the proof here.
Proof. For notational simplicity we will writeWHK,∗ (resp. WHK,∗n ) for the complex
WHKω∗R/k (resp. W
HK
n ω
∗
R/k := Γ(Y,W
HK
n ω
∗
Y /k)) in this proof. We need to show
that F : WHK,∗n → W
HK,∗
n−1 is a graded ring homomorphism. By Proposition 4.7 of
[HK94] and its proof, there is a canonical surjection
ψ : ω∗Wn(R)/Wn(k) ։W
HK,∗
n
with kernel In ⊂ ω
∗
Wn(R)/Wn(k)
a graded differential ideal generated by elements of
the form {ηi,j,a,m, dηi,j,a,m} for 0 ≤ j ≤ i < n, a ∈ R,m ∈M , where
ηi,j,a,m := V
i
(
[a]
)
dV j
(
[α(m)]
)
− V i
(
[aα(m)p
i−j
]
)
d log(m).
To further ease notation, we write ω∗Wn(R) := ω
∗
Wn(R)/Wn(k)
in the rest of the proof.
The map ψ is compatible under the canonical projection maps. By (the correction
in Section 7 in [Nak05] of) 4.9.1 of [HK94], we have the following isomorphism of
cochain complexes
s = ψ ◦ t : (WHK,∗n )
′′ t−−→ ω∗Wn(R)/In
ψ
−−→WHK,∗n
where (WHK,i)′′ is defined as a quotient of 19
(Wn(R)⊗ ∧
iMgp/Ngp)⊕ (Wn(R)⊗ ∧
iMgp/Ngp).
By Remark 4.9, we have a graded ring homomorphism F : ω∗Wn(R) → ω
∗
Wn−1(R)
.
From the construction given there, it sends the ideal In into In−1, therefore inducing
a graded ring homomorphism
F : ω∗Wn(R)/In → ω
∗
Wn−1(R)
/In−1.
19The complex (WHK,i)′ which appears in Proposition 4.6 of [HK94] is incorrect (and the proof
given there is incomplete), instead we should take the modification (WHK,i)′′ given in Section 7
of [Nak05]. With this correction, the map s is indeed an isomorphism, by Theorem 7.5 of loc. cit.
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We claim that the following diagram (on the right) commutes
(WHK,∗n )
′′ ω∗Wn(R)/In W
HK,∗
n
(WHK,∗n−1 )
′′ ω∗Wn−1(R)/In−1 W
HK,∗
n−1
t
F
ψ
F F
t ψ
Where F : (WHK,in )
′′ → (WHK,in−1 )
′′ is defined as follows: for any x ∈ Wn(R) and
y ∈ Wn(R)
×, write y = [y0] + V y
′, and send
(x⊗m1 ∧ · · ·mi, 0) 7→ (F (x)⊗m1 ∧ · · ·mi, 0)
(0, y ⊗m2 ∧ · · ·mi) 7→ ([y0]
p ⊗ β−1([y0]) ∧m2 ∧ · · · ∧mi, 0)
+ (0, y′ ⊗m2 ∧ · · · ∧mi).
β here denotes the log structure M
α
−→ R
[ ]
−→ W (R), where the first arrow α is a
log structure by assumption, so there exists a unique element β−1([y0]) ∈M which
is sent to [y0].
The commutativity of the right square follows from the commutativity of the
outer square (by Remark 7.7.4 of [Nak05]) and the commutativity of the left square,
which we now check by hand on the generators of (WHK,in )
′′. Clearly F ◦ t = t ◦ F
on (x⊗m1 ∧ · · ·mi, 0); for (0, y ⊗m2 ∧ · · ·mi), we simply observe that
Fdy = Fd([y0] + V y
′) = [y0]
pd log[y0] + dy
′.
This finishes the proof. 
Lemma 5.4. WHKω∗R/k is a saturated Dieudonne´ algebra.
Proof. Keep the notations from the proof of Lemma 5.3. By Corollary 4.5 (2) of
[HK94], WHKω∗ is p-torsion free. Since R/k is log-smooth of log-Cartier type, we
have the Cartier isomorphism (cf. Proposition A.10), which implies (by the same
proof of I.3.11.4 of [Ill79] in the case n = 0) that
ker(d :WHK1 ω
i →WHK1 ω
i+1) = im
(
F :WHK2 ω
i →WHK1 ω
i
)
.
This in turn implies that
d−1(p ·WHKω∗) = F
(
WHKω∗
)
.
To see this, suppose that dx ∈ p · WHKω∗, then by the equality above we have
x = Fx′1 + V x
′
2 + dV y
′
2 = Fx1 + V x
′
2 where x1 = x
′
1 + dV
2(y′2). This implies that
dV x′2 ∈ p·W
HKω∗, so dx′2 = FdV x
′
2 ∈ p·W
HKω∗ and we may write x′2 = Fx2+V x
′
3.
By repeating this procedure we may write x = F (x1 + V x2 + V
2x3 + · · · ). This
together with the injectivity of F (since WHKω∗ is p-torsion free) implies that
WHKω∗ is saturated (as a Dieudonne´ complex).
To finish the proof of the Lemma, it remains to show that F (x) ≡ xp mod p
for all x ∈ WHKω0. Since WHKω∗ is saturated, in fact it suffices to check that
F (x) ≡ xp mod V for all x ∈ WHKω0. But this follows from the commutative
diagram in the proof of Lemma 5.3, since the middle vertical map is constructed
to extend the Witt vector Frobenius and the map ψ preserves the V -filtration (by
Proposition 7.1 and diagram 7.5.6 in [Nak05]). 
Corollary 5.5. WHKω∗R/k admits a natural structure of a log Dieudonne´ algebra,
which is strict (in particular saturated) and p-compatible.
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Proof. For each n, the log structure [α]n : M
α
−→ R
[ ]
−→ Wn(R) induces a log
derivation (d, δn : M → ω
1
Wn(R)
). By composing with projection we get a monoid
map δn : M → ω
1
Wn(R)
/In. Both [αn] and δn are compatible under the canonical
projections. Now the map ψ in
(WHK,∗n )
′′ t−−→ ω∗Wn(R)/In
ψ
−−→WHK,∗n
(from the proof of Lemma 5.3) is also compatible with the canonical projections.
Therefore we have monoid morphisms (which we still denote by the same symbols):
[α]n : M →W
HK
n ω
0 and δn : M →W
HK
n ω
1. In the inverse limit they give rise to
[α] : M →WHKω0, δ :M →WHKω1.
It is straightforward to check that this makesWHKω∗ a p-compatible log Dieudonne´
algebra. It is saturated by Lemma 5.4; and it is strict since for each n ≥ 1 and any
k ≥ 0, we have the following exact sequence
0→ im
(
WHKk ω
∗ V
n+dV n
−−−−−−→WHKn+kω
∗
)
−→WHKn+kω
∗ pr−→WHKn ω
∗ → 0
by Section 4.9 of [HK94]. 
With the preparations above, the identity map
R −→WHK1 ω
0
R/k
∼= R
induces a map of strict log Dieudonne´ algebras γ : Wω∗R/k −→ W
HKω∗R/k. This
essentially proves Theorem 5.1 in the affine case.
Proposition 5.6. γ is an isomorphism of log Dieudonne´ algebras
γ :Wω∗R/k
∼−−→ WHKω∗R/k.
Proof. The induced map γ : W1ω
∗
R/k → W
HK
1 ω
∗
R/k is an isomorphism by Proposi-
tion 4.22. The theorem then follows from Corollary 2.10 part (3). 
Proof of Theorem 5.1. The construction on affine log schemes gives rise to an iso-
morphism of sheaves γ : Wω∗X/k
∼−−→ WHKω∗X/k on the site Xe´t,aff (see Definition
4.31). The functorality follows from the commutative diagram
R WHK1 ω
0
R/k
S WHK1 ω
0
S/k
for any morphism for any e´tale morphism R→ S, where U = SpecR ∈ Xe´t,aff. 
5.2. Comparison with the constructions of Matsuue. We start by recalling
the definition of the category CFV of (R-framed) log F-V-procomplexes.
Definition 5.7 ([Mat17] Definition 3.4). Let R = (R,M) be a log algebra over
k = (k,N). A R-framed F-V-procomplex over R/k is a projective system
· · · → E∗m+1
Rm−−→ E∗m
Rm-1−−−→ · · · → E∗1 → E
∗
0 = 0
where each E∗m = (E
∗
m, dm, δm) is a log cdga over Wm(R)/Wm(k), together with
• a collection F : E∗m+1 → E
∗
m of graded ring homomorphisms;
• a collection V : E∗m → E
∗
m+1 of graded abelian group homomorphisms.
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These data are required to satisfy the following conditions
(a) R = {Rm} is compatible with δ = {δm}, i.e. δm = Rm ◦ δm+1 for m ≥ 0.
(b) R is compatible with the collection of maps F and V .
(c) The structure maps βm : Wm(R)→ E
0
m are compatible with F and V .
(d) The collections of F, V, d, δ satisfies
i) FV = p
ii) Fdm+1V = dm
iii) Fdm+1[x] = [x]
p−1dm[x]
iv) (V x)y = V (xFy)
v) Fδm+1 = δm.
Here by the structure maps, we mean the collection of ring homomorphisms
βm :Wm(R)→ E
0
m
given as part of the data of the Wm(R)/Wm(k)-cdga (E
∗
m, dm, δm) where (dm ◦
βm, δm : M → E
1
m) forms a log derivation of Wm(R)/Wm(k) into E
1 and satisfies
dm ◦ δm = 0.
Denote the category of log F-V-procomplexes over R/k by CFV,R. In [Mat17],
Matsuue constructs an initial object {WmΛ
∗
R/k} in CFV,R, where each WmΛ
∗
R/k
is constructed as a certain quotient of ω∗Wm(R)/Wm(k). The complexes WΛ
∗
R/k =
limnWnΛ
∗
R/k is then globalized to a sheafWΛ
∗
X/k on Xe´t. In fact, the construction
in [Mat17] works more generally over non-perfect bases, but we have restricted to
the case of perfect base (in fact a perfect field) to compare with our version of
saturated log de Rham–Witt complexes. The following lemma is clear.
Lemma 5.8. The log de Rham–Witt complexes Wω∗R/k gives rise to an R-framed
F-V-procomplex {Wmω
∗
R/k} over R/k.
Therefore by the universal property of WΛ∗ we have a map
γ′ :WΛ∗R/k −→ Wω
∗
R/k
of cochain complexes which is compatible with F, V and R.
Proposition 5.9. γ′ is an isomorphism (under the assumption that R/k is log-
smooth of log-Cartier type).
Proof. The map γ′ induces commutative diagrams
0 FilnWn+1Λ
∗
R/k Wn+1Λ
∗
R/k WnΛ
∗
R/k 0
0 FilnWn+1ω
∗
R/k Wn+1ω
∗
R/k Wnω
∗
R/k 0
between short exact sequences, where the filtrations are standard filtrations, given
by FilnWn+1Λ
∗
R/k = V
nW1Λ
∗
R/k + dV
nW1Λ
∗−1
R/k and likewise for Wn+1ω
∗
R/k. By
Proposition 4.22, we know that γ′ induces an isomorphism W1Λ
∗
R/k
∼−−→ W1ω
∗
R/k
and hence FilnWn+1Λ
∗
R/k
∼−−→ FilnWn+1ω
∗
R/k for each n. The proposition therefore
follows by induction. 
As in Subsection 5.1, we have the following
LOG DE RHAM–WITT 41
Corollary 5.10. For a quasi-coherent log scheme X which is log-smooth of log-
Cartier type over k, the isomorphism γ′ globalizes to an isomorphism of sheaves
γ′ :WΛ∗X/k
∼−−→ Wω∗X/k.
Remark 5.11. One possible way to obtainWω∗R/k
∼−−→ WΛ∗R/k is to use the com-
parison with Hyodo–Kato complexes in Subsection 5.1 and prove that the Hyodo–
Kato complexes agree with WΛ∗R/k constructed by Matsuue. The latter is claimed
in Proposition 3.1 of [GL17], which asserts that there is a natural isomorphism
WΛ∗R/k
∼−−→ WHKω∗R/k
identifying the log structures, F, V and R on both sides. The key assertion used in
their proof is that WHKm ω
∗
R/k form an R-framed F-V-procomplex, which is claimed
without justification. It seems to the author that this would involve proving most
of the statements in Subsection 5.1, which is probably well known to experts.
5.3. The monodromy operator. In this subsection we explain the construction
of the monodromy operator on the log crystalline cohomology for log schemes of
“generalized semistable type” in the following sense: let k = (k,N) be the standard
log point, X/k a log scheme such that e´tale locally, X is naively e´tale over a finite
fiber product of log schemes that are given by log algebras of the form
R
(
Nr+1 k[X0, ..., Xr, ..., Xd]/
∏
0≤i≤rXi
)
k
(
N k
)
α
17→(1,...,1)
where the log structure α on R is given by ei 7→ Xi for 0 ≤ i ≤ r, here ei =
(0, ..., 1, ..., 0) with 1 at the ith position. More precisely, X can be covered by
charts which are naively e´tale over log algebras of the form S = (M,S), where
S = k[Xl,h] 1≤l≤s
0≤h≤dl
/
( ∏
1≤i≤d1
X1,i, · · · ,
∏
1≤i≤ds
Xs,i
)
and M =
⊔
N
1≤l≤s
Nrl+1 is the pushout of the diagonal maps N→ Nrl+1 for 1 ≤ l ≤ s.
Clearly R (resp. S) is fine and log-smooth over k of log-Cartier type.
Lemma 5.12. Let R be as above, let k◦ = (k, 0) be the trivial log point, then
R/k◦ satisfies conditions (1) and (2) in Remark 4.26. In particular, there is a
canonical isomorphism
ωR/k◦
∼−−→ W1ωR/k◦ .
The same conclusion holds for S.
Proof. For notational simplicity we check the claim for R. For (1) we may take
the lifting A =W (k)[X0, ..., Xd]/
∏
0≤i≤rXi with log structure N
r+1 ei 7→Xi−−−−→ A.
For the lift of Frobenius we take the canonical lifting σ on W (k) and Xi 7→ X
p
i ,
while Frobenius on Nr+1 is given by multiplication by p. The log differential ω1
A/k
is free over A with generators dlogX0, ..., dlogXr, dXr+1, ..., dXd, using notation in
Subsection A.2.2, hence both condition (1) and (2) in Remark 4.26 are satisfied. 
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The canonical map R/k◦ −→ R/k induces a morphism of saturated log de
Rham–Witt complexes
Θ :Wω∗
R/k◦
−→Wω∗
R/k
.
The cochain complex kerΘ is concentrated in degree ≥ 1.
Proposition 5.13. The shifted cochain complex (kerΘ)[1] admits a structure of a
Dieudonne´ complex, which is saturated and strict. Moreover, there is a short exact
sequence of Dieudonne´ complexes
0→Wω∗
R/k
[−1] −→Wω∗
R/k◦
Θ
−−→Wω∗
R/k
→ 0.
The same conclusion holds when R is replaced by S. In particular, (kerΘ)[1]
carries a (log) Dieudonne´ algebra structure.
Proof. Again we check the proposition for R since the only complication for S
is notational. Write K∗ = kerΘ which is a p-torsion free sub-Dieudonne´ complex
of Wω∗
R/k◦
(here we ignore the algebra structure, as in Subsection 2.4). It is
straightforward to check that
φF : K
∗ −→ ηp(K
∗), x ∈ Ki 7→ piF (x)
is an isomorphism, therefore K∗[1] is a saturated Dieudonne´ complex as multipli-
cation by p gives an isomorphism ηp(K
∗[1]) ∼−−→ ηp(K
∗)[1]. By Lemma 5.14, we
have a short exact sequence
0→Wm(K
∗) −→Wmω
∗
R/k◦
−→ Wmω
∗
R/k
→ 0
for each m. Taking the inverse limit we see that K∗[1] is strict.
Next we construct a map of cochain complexes ω∗
A/k
→ ω∗
A/k◦
[1] preserving
Frobenius on both sides. For this we define an element θ ∈ ω1
A/k◦
from the log
differential dlog : Nr+1 → ω1
A/k◦
by
θ := dlog(e0) + ·+ dlog(er).
(More generally, for the product S = (S,M), we have a map N → M coming
from each diagonal map N → Nrl+1. Let e ∈ M be the image of 1 ∈ N. Then θ is
the element dlog(e)). We abuse notation and use the same symbol to denote the
image of θ in Wω∗
R/k◦
, then clearly θ ∈ K1. Since ω∗
A/k
is generated over A by
(∧idlogXi) ∧ (∧jdXj), we may a map of complexes Ψ : ω
∗
A/k
→ ω∗
A/k◦
[1] by
(∧idlogXi) ∧ (∧jdXj) 7→ (∧idlogXi) ∧ (∧jdXj) ∧ θ.
The map is well defined, since∑
0≤i≤r
dlogXi 7→ (
∑
0≤i≤r
dlogXi) ∧ θ = θ ∧ θ = 0.
Moreover, since d(θ) = 0 (by d ◦ dlog = 0) and F (θ) = θ, the map Ψ preserves
differential and Frobenius structures on both sides.
By passing to the (p-adic) completion and strictification (complete saturation),
we get a map Ψ : Wω∗
R/k
→ Wω∗
R/k◦
[1]. By the choice of θ, the image of Ψ lie
in K∗[1], so we have now constructed a map of strict Dieudonne´ complexes
Ψ :Wω∗
R/k
−→ K∗[1].
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To finish the proof of the proposition, it remains to prove that this map is an
isomorphism. By Corollary 2.7.4 in [BLM18] 20, it suffices to show that
W1(Ψ) :W1ω
∗
R/k
−→W1(K
∗[1])
is an isomorphism. By Lemma 5.14 and Lemma 5.12, we need to check that
ω∗
R/k
∧θ1−−→ ker(ω∗
R/k◦
→ ω∗
R/k
)[1]
is an isomorphism of cochain complexes, which follows from their explicit descrip-
tions. 
The following lemma is used in the proof above
Lemma 5.14. Let Θ : A∗ −→ B∗ be a map between two saturated Dieudonne´
complexes. Let K∗ = kerΘ be the sub Dieudonne´ complex (which is saturated).
Define the standard filtration on A∗ (resp. on B∗ and K∗) as in Subsection 3.4 by
Fili(A∗) = V i(A∗) + dV i(A∗). Then
Fili(K∗) = ker(Fili(A∗)
Φ
−−→ Fili(B∗)).
Proof. We need to show that ker(Fili(A∗)
Φ
−−→ Fili(B∗)) ⊂ Fili(K∗). In other
words, x = V iy + dV iz, and Φ(x) = 0, we claim that x ∈ Fili(K∗). For notational
simplicity we write x = Φ(x) for the image of x ∈ A∗ in B∗. By assumption we
know that
dz = F idV iz = −F i(V iy) = −piy ∈ B∗.
Since B∗ is saturated, we know that z = F iw for some w ∈ B∗, so there exists
w ∈ A∗ and α ∈ K∗ such that
x = V iy + dV i(F iw + α) = V i(y + F idw) + dV iα.
Therefore, it suffices to prove the claim for x of the form x = V iy, but this is clear
since V iy = 0 implies that y = 0 as B∗ is p-torsion free. 
As a corollary, we arrive at Theorem 11 in the introduction.
Corollary 5.15. Let X/k be a log scheme of “generalized semistable type”, then
there is a short exact sequence of cochain complexes
0→Wω∗X/k[−1] −→ Wω
∗
X/k◦ −→ Wω
∗
X/k → 0
that preserves the Frobenius structures. As a consequence, this gives rise to a
connecting homomorphism on the log crystalline cohomology
N : H∗log -cris(X/W (k)) −→ H
∗
log -cris(X/W (k)).
This operator satisfies Nϕ = pϕN and agrees with the monodromy operator con-
structed in [HK94].
Proof. Let R be a k-algebra with an e´tale coordinate, namely an e´tale morphism
S → R where S has the form described as in the beginning of this section. Equip
R with the log structure from M → S. Then for each m we have
0→Wmω
∗
R/k[−1] −→Wmω
∗
R/k◦ −→Wmω
∗
R/k → 0
20see also Corollary 2.10. Note that the proof we cite from [BLM18] is stated for Dieudonne´
complexes
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from the e´tale base change of the corresponding sequence for Wmω
∗
S/k
. To glob-
alize from these e´tale coordinates, we observe that the element θ ∈ Wω1R/k◦ is
independent of the choice of coordinates, since it can be described as the image
of dlog(e) in ω1W (R)/W (k◦) −→ W (ω
∗
W (R)/W (k◦))
1
sat =: Wω
1
R/k◦ , so the sequences
above glue to an exact sequence of sheaves
0→Wmω
∗
X/k[−1] −→Wmω
∗
X/k◦ −→Wmω
∗
X/k → 0.
Since there is no higher Rlim terms, taking the inverse limit we reach the conclusion.
The relation Nϕ = pϕN follows from dF = pFd since ϕ is induced by φF : x ∈
WωiX/k 7→ p
iF (x) ∈ WωiX/k.
Finally, the comparison with Hyodo–Kato’s construction follows from Theorem
5.1 and the description of (Wnω˜
q
Y )
′ in 4.20 in [HK94]. 
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6. Ainf-cohomology theory
In the rest of the article we formulate and prove Theorem 4 in the introduction.
The goal of this section is to recall the theory of Ainf-cohomology developed by
Bhatt–Morrow–Scholze in [BMS18]. In particular, we need the Hodge–Tate com-
parison (Theorem 6.6) and the fact that Lη commutes with a certain form of global
sections on small enough objects (Theorem 6.3), as generalized to the semistable
case by [CK17]. We also carry out some local computations needed for the log
crystalline comparison.
Notation. • For the rest of the article, let k be an algebraically closed field over
Fp and C be a completed algebraic closure of W (k)[ 1p ]. Let m be the maximal
ideal of its ring of integers OC . For convenience we also fix a choice of p
Q ⊂ C (in
particular a choice of compatible pnth roots of unity {ζpn} ∈ µpn(C)). Consider
the element ǫ = (1, ζp, ζp2 , ...) ∈ O
♭
C , which determines
µ := [ǫ]− 1, ξ :=
µ
ϕ−1(µ)
=
p−1∑
i=0
[ǫ]
i
p , ξ˜ := ϕ(ξ)
in Ainf = W (O
♭
C) where O
♭
C is the tilt of OC . The ring Ainf is equipped with the
(p, µ)-adic topology.
• Let θ be the surjection Ainf ։ OC lifting the canonical morphism O
♭
C → OC/p,
and define θ˜ := θ ◦ ϕ−1. Therefore we have ker(θ) = (ξ) (resp. ker(θ˜) = (ξ˜)). We
will call the map θ (resp. θ˜) the de Rham (resp. Hodge-Tate) specialization map.
• Let ϑ˜ : Ainf → W (k) be the unique lift of the quotient map Ainf
θ˜
−→ OC → k
and define ϑ := ϑ˜ ◦ ϕ = F ◦ ϑ˜ where F denotes the Witt vector Frobenius. The
map ϑ˜ will be referred to as the crystalline specialization map 21. Unless otherwise
stated, all maps Ainf → W (k) in the rest of the article are assumed to be the
crystalline specialization ϑ˜ by default.
• Finally, we make the following notation changes from the previous sections.
− We will let k be an algebraically closed field over Fp.
− In the rest of the article, we will use R to denote OC -algebras (instead of
a k-algebra), its base change to k is denoted by Rk.
6.1. Semistabe coordinates and log structures. Let X be a p-adic formal
scheme over OC of generalized semistable reduction, in the sense that there exists
a covering by affine opens U = Spf R in the e´tale topology of X, such that each U
admits an e´tale morphism (called a semistable coordinate)
 : U −→ Spf R = Spf(R1 ⊗̂ · · · ⊗̂R

s )
over OC , where each R

i is of the form
OC〈T0, ..., Tr, T
±1
r+1, ..., T
±1
d 〉/(T0 · · ·Tr −̟)
with 0 ≤ r ≤ d, where ̟ ∈ m\{0} a non-unit of rational valuation. Let XC := X
ad
η
denote the adic generic fiber of X, which is smooth over C by the requirement
above. We equip OC (resp. OC/p) with the log structure OC\{0} →֒ OC (resp.
its pullback log structure), and X its “divisorial log structure” MX given by the
21 It is helpful to observe that under the crystalline specializations and its twist, we have
ϑ([ǫ
1
p ]) = ϑ˜([ǫ
1
p ]) = ϑ([ǫ]) = ϑ˜([ǫ]) = 1 and ϑ(ξ) = ϑ(ξ˜) = ϑ˜(ξ) = ϑ˜(ξ˜) = p.
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sheafification of (OX[
1
p ])
× ∩ OX. The log scheme XOC/p over SpecOC/p and its
special fiber Xk are equipped with the pullback log structures. Similarly define U
and Uk. The semistable coordinate morphism U = Spf R → Spf(R

1 ⊗̂ · · · ⊗̂R

s ) is
the p-adic completion of (the OC -base change of) an e´tale O-morphism
U −→ Spec
(
O[Th,i, T
±1
h,j ]1≤h≤s/
(∏
Th,i −̟h
)
1≤h≤s
)
=Spec
(
O[T1,i, T
±1
1,j ]/(T1,0 ···T1,r1–̟1)
)
× · · ·
× Spec
(
O[Ts,i, T
±1
s,j ]/(Ts,0 ···Ts,rs–̟s)
)
where O ⊂ OC is discretely valued, and ̟1, ..., ̟s ∈ O. We still call this a
semistable coordinate and continue to denote it by . This determines a choice of
charts for the (similarly defined) divisorial log structure on U . More precisely, let
M˜ be the monoid defined by the following push-out diagram in monoids:
Ns Nr1+1 ⊕ · · · ⊕ Nrs+1
O\{0} M˜ =
(
⊕
1≤h≤s
Nrh+1
)
⊔Ns (O\{0})
diag
where the top horizontal map is the “diagonal” map, given by 1 7→ (1, ..., 1) on each
N→ Nrh+1; and the left vertical map Ns → O\{0} is (m1, ...,ms) 7−→ ̟
m1
1 · · ·̟
ms
s .
Then the log structure (OU [
1
p ])
×∩OU has a chart given by M˜
 −→ Γ(U,OU ), where
({mh,i} 1≤h≤s
0≤i≤rh
, a) gets mapped to
(∏
(Th,i)
mh,i
)
· a ∈ Γ(U,OU ).
22 Moreover, the
pre-log structure described by the chart above is the base change of
M := ⊕
1≤h≤s
Nrh+1 R◦ := Γ(U,OU )
N := Ns O
diag
along (O, N = Ns) → (O,O\{0}), where the underlying map of rings is identity
and the monoid map is (m1, ...,ms) 7−→ ̟
m1
1 · · ·̟
ms
s .
Remark 6.1. From the discussion above, even though U = Spf R is strictly speak-
ing not log-smooth over OC (the log structures are not fine), we may treat it as
if it were so, since the map OC −→ R is the base change of the log-smooth mor-
phism (OC , N
) −→ (R,M) of fine log rings along (OC , N
) −→ (OC ,O\{0}),
which is defined as above with OC in place of O. Consequently, the continuous log
differentials ω∗,ctR/OC
∼= ω
∗,ct
(R,M)/(OC,N)
are isomorphic, and the OX-module ω
∗,ct
X/OC
is locally free of finite rank. Now we turn to the special fiber Rk = R ⊗OC k of
U = Spf R. The e´tale local chart (Rk, M˜
) of Xk over (k,OC\{0}) is the base
change (this time along (k,N) → (k,OC\{0})) of k
 := (k,N) −→ (Rk,M
),
which is log-smooth of log-Cartier type. This in turn implies that
ω∗
(Rk,M)/k
∼= ω∗
(Rk,M˜)/(k,OC\{0})
∼= ω
∗,ct
R/OC
⊗OC k
22See Lemma A.2.
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is locally free over Rk and satisfies the Cartier isomorphism. More importantly, by
Remark 4.26, the comparison with de Rham complexes (in particular the conclusion
of Proposition 4.22) still applies to Wω∗
(Rk,M)/k
and the e´tale sheaf Wω∗
Xk/k
,
where k = (k,O\{0}). In particular, the map (Rk,M
)→ Rk = (Rk,Γe´t(U,MX))
induces an isomorphism on the underlying Dieudonne´ algebras
Wω∗
(Rk,M)/k
∼−−→ Wω∗Rk/k
of the corresponding log de Rham–Witt complexes, by Corollary 2.10.
Remark 6.2. In our setup, we still have an isomorphismWω∗
Xk/k
∼−−→ WHKω∗
Xk/k
23,
and both compute the log crystalline cohomology of Xk over k. The first claim essen-
tially follows from the same line of arguments as the proof of Theorem 5.1. To justify
this, we regard both complexes as sheaves on the e´tale site (Xk)
′
e´t,aff whose objects
consisting of SpecRk, where Spf R is a formal affine scheme admitting semistable co-
ordinates as above. On each SpecRk, W
HKω∗Rk/k is still a p-torsion free Dieudonne´
complex (by the proof of Corollary 4.5 of [HK94]) and in fact saturated by the proof
of Lemma 5.4, the key being the Cartier isomorphism (which still holds by the pre-
vious remark). Therefore, WHKω∗
Xk/k
takes values in (p-compatible) strict log de
Rham–Witt complexes over W (k), and we have a map γ : Wω∗
Xk/k
→ WHKω∗
Xk/k
coming from each Rk →W
HK
1 ω
0
Rk/k
. Now apply the Cartier isomorphism one more
time we get an isomorphism WHK1 ω
∗
Rk/k
∼−−→ ω∗Rk/k, and again by Remark 6.1,
this implies that γ is an isomorphism. For the second claim in this remark, note
that there is a canonical quasi-isomorphismWHKn ω
∗
Xk/k
∼−−→ RulogX/Wn,∗(OX/Wn) for
each n ≥ 1, following the notation in the beginning of Subsection 5.1. The proof
in [HK94] (Theorem 4.19) goes through and amounts to the Cartier isomorphism
once again.
6.2. Ainf-cohomology. Following [BMS18], we define AΩX := LηµRν∗(Ainf,XC),
where ν : XC,proe´t → Xe´t is the p-adic nearby cycle map and Ainf,XC :=W (Ô
+,♭
XC
) is
the period sheaf on the pro-e´tale site of XC (cf. [Sch13]). The Frobenius automor-
phism on Ô+,♭XC lifts to a Frobenius on Ainf,XC , which by functoriality induces an
Ainf-linear Frobenius map ϕX : AΩX → ϕ∗AΩX. The map ϕX is the composition
24
AΩX
ϕ˜X
−−→ ϕ∗Lηϕ(µ)Rν∗ Ainf,XC = ϕ∗Lηξ˜AΩX → ϕ∗AΩX.
Similar to Subsection 4.6, it is convenient to consider the smaller site Xe´t,aff, con-
sisting of open affine formal schemes U ∈ Xe´t which admit e´tale semistable coordi-
nates, where the topology is given by e´tale coverings. As in [BMS18], there are two
presheaves on Xe´t,aff that play important roles for us, which we define now. Let
D(Xe´t,aff,Ainf) be the derived∞-category of sheaves of Ainf-modules on Xe´t,aff, and
Psh(Xe´t,aff,D(Ainf)) the ∞-category of presheaves valued in D(Ainf).
25 Let
ι : D(Xe´t,aff,Ainf) −→ Psh(Xe´t,aff,D(Ainf))
23Even though in the original work of [HK94], all log schemes are assumed to be fine, we may
still define the Hyodo–Kato complex by taking the inverse limit of R∗ulog
X/Wn,∗
(OX/Wn ) as in
Subsection 5.1.
24The isomorphism ϕ˜X is called the divided Frobenius in [BLM18].
25The homotopy category of D(Xe´t,aff,Ainf) is identified with the usual triangulated de-
rived category D(Xe´t,aff,Ainf). Similarly, the homotopy category of Psh(Xe´t,aff,D(Ainf)) is
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denote canonical (fully faithful) map which takes F to ι(F) : U 7→ RΓ(U,F). The
functor ι admits a left adjoint j−1 which is the sheafification functor. We will
interchangeably denote ι(F) by Fpre to emphasize that it is the presheaf associated
to F (viewed as a sheaf taking values in the derived ∞-category D(Ainf)). Now we
define the following two objects in Psh(Xe´t,aff,D(Ainf)):
26
• AΩpreX := ι(AΩX) = (LηµRν∗Ainf)
pre;
• AΩpshX := Lηµ(ι(Rν∗ Ainf)) = Lηµ(Rν∗ Ainf)
pre.
Unwinding definitions, we know that on each affine open U = Spf R ∈ Xe´t,aff, the
global sections of the two presheaves are
AΩpreX (U) = RΓe´t(Spf R,AΩX); AΩ
psh
X (U) = LηµRΓproe´t(U,Ainf)
where U = Uadη is the adic generic fiber of U. Both presheaves sheafify to AΩX, so
we have a natural map AΩpshX −→ AΩ
pre
X by adjunction. To simplify notation we
will often write AΩR := AΩ
pre
X (U) and AΩ
psh
R := AΩ
psh
X (U).
6.3. Local perfectoid covers and group cohomology. In this subsection, we
recall the local theory of Ainf-cohomology for small enough Spf R in Xe´t, mostly
developed in [CK17], following the general strategy outlined in [BMS18] – namely
to compute both AΩpshR and AΩR (thus to relate them) using continuous group
cohomology. Let us assume that Spf R ∈ Xe´t admits an e´tale coordinate map
 : Spf R→ Spf(R1 ⊗̂ · · · ⊗̂R

s ), with each
Rh = OC〈Th,i, T
±1
h,j 〉/(
∏
Th,i −̟h)
where the variables range over 0 ≤ i ≤ rh, rh + 1 ≤ j ≤ dh and ̟h = p
qh for some
qh ∈ Q>0 as in Subsection 6.1. In particular, our choice of pQ ∈ OC determines a
choice of ̟
1/pm
h ∈ OC for each m ≥ 1.
6.3.1. Construction of R∞. For each m ≥ 1, we define
Rh,m = OC〈T
1/pm
h,i , T
±1/pm
h,j 〉/(
∏
T
1/pm
h,i −̟
1/pm
h ),
and then let Rm := R

1,m⊗̂ · · · ⊗̂R

s,m. In the direct limit we get “perfectoid covers”
Rh,∞ := (lim−→
Rh,m)̂ , R

∞ := R

1,∞⊗̂ · · · ⊗̂R

s,∞.
These perfectoid OC -algebras admit explicit decompositions as OC -modules by
R∞ =
⊕̂
ah,i
OCT
a1,o
1,0 · · ·T
a1,d1
1,d1
· · ·T
as,0
s,0 · · ·T
as,ds
s,ds
= R ⊕M∞,
where the completed direct sum ranges over ah,0, ..., ah,dh ∈ Z[
1
p ] for 1 ≤ h ≤ s, such
that each ah,i ≥ 0 and
∏
i ah,i = 0 for each h. The R
-module decomposition R∞ =
R ⊕M∞ follows the same notation used in [CK17], where the direct summand
M∞ denotes the completed direct sum of all OC · T
a1,o
1,0 · · · · · T
as,ds
s,ds
such that there
D(Xpree´t,aff,D(Ainf)) where X
pre
e´t,aff is the site consisting of the same objects as Xe´t,aff but equipped
with the indiscrete (= chaotic) Grothendieck topology.
26The presheaf AΩpre
X
is denoted by AΩsm
X
in [BLM18] in the case of good reductions; the
presheaf AΩpsh
X
agrees with the notation used in [CK17], where it is considered as an object in
the homotopy category.
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exists some non-integral supscript ah,i or ah,j (that belongs to Z[ 1p ]\Z). This allows
us to obtain perfectoid R-algebras by setting Rm := R

m ⊗R R

m, and then
R∞ := (R⊗R R

∞)̂ = R⊕M∞.
We write Zp(1) = (lim←−m≥0 µp
m(OC)), and define for each 1 ≤ h ≤ s the following
abelian group
∆h :=
{
(ǫh,0, ..., ǫh,dh) ∈ Zp(1)
⊕(dh+1) ǫh,0 + · · ·+ ǫh,dh = 0
}
.
Finally we set ∆ := ∆1⊕ · · ·⊕∆s, with each ∆h isomorphic to Z⊕dhp , generated by
• γh,i = (−1, 0, ..., 0, 1, 0, ..., 0) for i = 1, ..., rh, with 1 at the i
th entry;
• γh,j = (0, ..., 0, 1, 0, ..., 0) for j = rh + 1, ..., dh, with 1 at the j
th entry.
Under this identification, the element γh,i acts on R

h,m by sending
T
1/pm
h,0 7→ ζ
−1
pmT
1/pm
h,0 , T
1/pm
h,i 7→ ζpmT
1/pm
h,i , T
1/pm
h,k 7→ T
1/pm
h,k for k 6= 0, i(
resp. γh,j acts by T
1/pm
h,j 7→ ζpmT
1/pm
h,j , T
1/pm
h,k 7→ T
1/pm
h,k for k 6= j
)
. The product
∆ therefore acts on Rm, and continuously on R

∞ (resp. R∞).
6.3.2. Construction of A(R). We next observe that
(Rh,∞)
♭ =
(
lim
−→
m
O♭C [U
1/pm
h,i , U
±1/pm
h,j ]/(
∏
U
1/pm
h,i − (̟
♭
h)
1/pm)
)̂
where U
1/pm
h,i denotes the elements
U
1/pm
h,i = (T
1/pm
h,i , T
1/pm+1
h,i , T
1/pm+2
h,i , ...) ∈ (R

h,∞)
♭ = lim
←−
y 7→yp
Rh,∞
for each i = 0, ..., rh. We likewise define elements Uh,j for j = rh + 1, ..., dh.
2728
From the description of (R∞)
♭ and the decomposition R∞ = R
 ⊕M∞, we have
Ainf(R

∞)
∼=
⊗̂
h
(
lim
−→
m
Ainf
[
X
1/pm
h,i , X
±1/pm
h,j
]
/(
∏
X
1/pm
h,i − [̟
♭
h]
1/pm)
)̂
∼=
⊕̂
ah,0,...,ah,dh∈Z[
1
p ]≥0∏
i ah,i=0, 1≤h≤s
Ainf ·X
a1,o
1,0 · · ·X
a1,d1
1,d1
· · ·X
as,ds
s,ds
∼= A(R)⊕N∞
with X
1/pm
h,i = [U
1/pm
h,i ] (likewise for Xh,j), and all completions being (p, µ)-adic.
We pose to remark that in particular, we have θ˜(X
1/pm
h,i ) = T
1/pm+1
h,i under the map
θ˜ : Ainf(R

∞)→ R

∞. Here the subring A(R
) is given by
Ainf(R
) ∼=
⊗̂
h
(
Ainf
[
Xh,i, Xh,j
]
/(
∏
Xh,i − [̟
♭
h])
)̂
(p,µ)
We have similar decompositions for Ainf(R∞) =W (R
♭
∞) = A(R)⊕N∞. Moreover,
A(R) is (by construction) formally e´tale over A(R), and also (p, µ)-adically com-
plete. The group ∆ = ⊕∆h acts on Ainf(R

∞) (resp. Ainf(R∞)) by functoriality,
27We reserve the symbols Xh,i for the Teichumuller representatives of Uh,i in the Witt vectors.
28The tilt (R∞)♭ of R∞ can be identified with the p♭-adic completion of R′, where (R∞)
♭ → R′
is any lift of the e´tale algebra R∞/p→ R∞/p to an e´tale (R

∞)
♭-algebra.
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and the action respects the decomposition A(R) ⊕ N∞ (resp. A(R) ⊕ N∞) de-
scribed above. Moreover, by the same analysis in [BMS18] (or [CK17]), for each
i the (continuous) group cohomology Hi(∆, N∞) (resp. H
i(∆, N∞)) is entirely µ-
torsion, hence LηµRΓct(∆, N∞) = 0 and consequently LηµRΓct(∆,Ainf(R∞)) only
involves the action of ∆ on A(R).
6.3.3. The computation of Ω˜R and AΩR. To ease notation we write Ô
+ for the
pro-e´tale sheaf Ô+XC . By the almost purity theorem ([Sch13] Theorem 4.10), the
perfectoid pro-e´tale ∆-cover Uadη,∞ = Spa(R∞[
1
p ], R∞) over U = U
ad
η := (Spf R)
ad
η
gives rise to an almost quasi-isomorphism e : RΓct(∆, R∞)
∼
−−→a RΓproe´t(U, Ô
+).29
Let Ω˜X := Lηζp−1Rν∗Ô
+ and define Ω˜pshX and Ω˜
pre
X as in Subsection 6.2.
Theorem 6.3 ([CK17] 3.9, 3.20, 4.6). We have quasi-isomorphisms
Lηζp−1(RΓct(∆, R∞))
∼−−→ Lηζp−1(RΓproe´t(U, Ô
+)) ∼−−→ RΓ(U, Ω˜X)
where the the quasi-isomorphism is given by Lηµ(e) and the second comes from the
canonical map Ω˜pshX → Ω˜
pre
X . Analogously, there are quasi-isomorphisms
LηµRΓct(∆,Ainf(R∞))
∼−−→ LηµRΓproe´t(U,Ainf)
∼−−→ RΓ(U, AΩX).
In particular, the canonical map AΩpshX
∼−−→ AΩpreX is an isomorphism of presheaves
in Psh(Xe´t,aff,D(Ainf)).
Remark 6.4. For simplicity, we denote the asserted quasi-isomorphisms by
Ω˜gpR
∼−−→ Ω˜pshR
∼−−→ Ω˜R, and AΩ
gp
R
∼−−→ AΩpshR
∼−−→ AΩR.
(See also Subsection 6.2). The proof of Ω˜gpR
∼−−→ Ω˜pshR
∼−−→ Ω˜R is similar to [BMS18],
while the proof of AΩgpR
∼−−→ AΩpshR uses Lemma 3.18 of [CK17],
30 which reduces
to the computation of W (m♭)-torsion of Hict(∆,Ainf(R∞)/µ). This computation
is carried out in 3.15 – 3.19 of loc.cit. in the case when s = 1 in the product
R = R1 ⊗̂ · · · ⊗̂R

s , but the same argument goes through in our setting. Finally,
the proof of the isomorphism AΩpshX
∼−−→ AΩpreX uses the following claim:
Claim: the natural map AΩX ⊗
L
θ˜
OC
∼−−→ Ω˜X is a quasi-isomorphism.
The claim involves commuting Lηµ with certain tensor products, and relies on
Lemma 6.5 ([Bha17] 5.16). Suppose f, g are nonzerodivisors in a ring A, and
K ∈ D(A) satisfies that each Hi(K ⊗L A/f) is g-torsion free, then
(LηfK)⊗
L A/g ∼−−→ Lηf (K ⊗
L A/g)
is a quasi-isomorphism, where f ∈ A/g is the image of f .
To justify the claim it suffices to show that for each object U = Spf R ∈ Xe´t,aff, we
have AΩpshR ⊗
L
θ˜
OC
∼−−→ Ω˜pshR . By what we have already outlined and Lemma 6.5,
this amounts to showing that Hict(∆,Ainf(R∞)/µ) is p-torsion free, which again
follows from the same argument of Proposition 3.19 in [CK17]. Returning to the
29this, of course, depends on the choice of coordinates.
30This is a variant of Lemma 8.11 and Proposition 9.12 of [BMS18], which states that if a map
f : B → B′ in D(Ainf) is an almost quasi-isomorphism in the sense that W (m
♭) kills Cone(f), and
if Hi(B ⊗L Ainf /µ) is W (m
♭)-torsion free, then Lηµ turns f
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proof of the quasi-isomorphism AΩpshR
∼−−→ AΩR, since both sides are derived ξ˜-
adically complete (see 4.1 and 4.6 of [CK17]), and Ainf is moreover ξ˜-torsion free,
it suffices to check this after reducing mod ξ˜, in other words, it suffices to show
that AΩpshR ⊗
L
θ˜
OC
∼−−→ AΩR⊗
L
θ˜
OC , by the previous discussion and the projection
formula, this reduces to Ω˜pshR
∼−−→ Ω˜R.
6.3.4. The Hodge-Tate (and de Rham) specialization.
Theorem 6.6 ([CK17], 4.11). There is a (non-canonical) isomorphism of cdga’s
H∗(Ω˜X)
∼−−→ ω∗X/OC ,
where the differential on H∗(Ω˜X) = H
∗(AΩX ⊗
L Ainf /ξ˜) is the Bockstein differen-
tial.31 Consequently, we have a natural quasi-isomorphism
AΩX ⊗
L
Ainf,θ
OC ∼= ω
∗
X/OC
.
Remark 6.7. The key is to show that H1(Ω˜X) ∼= ω
1
X/OC
{−1}. The proof in
[CK17] (Theorem 4.11) uses formal GAGA and a form of the Grothendieck existence
theorems in the non-Noetherian setup to reduce to the case of good reduction
(Theorem 8.3 of [BMS18]). The requirements in their argument are the following:
write U = Spf R ∈ Xe´t,aff as the formal p-adic completion of the base change of an
affine scheme U0 over a discretely valued subring O ⊂ OC , then we need
(1) The p-adic completion morphism U→ U0 of log ringed e´tale sites is strict;
(2) The complement U0\U
sm
0 of the smooth locus U
sm
0 ⊂ U0 over SpecO has
codimension at most 2.
Both are satisfied for X in our setup.
6.4. A basic example. We record a simple example of the Koszul complex that
computes LηµRΓct(∆,Ainf(R∞)), which both provides a summary for the discus-
sion in Subsection 6.3 and is important for our application later.
Example 6.8. In this example let ̟ = pq for some q ∈ Q>0 and
R = R = OC〈T0, T1〉/(T0T1 −̟).
Therefore A(R) = A(R) = Ainf〈X0, X1〉/(X0X1 − [̟
♭]). In this setup, ∆ ∼= Zp(1)
has a generator γ which acts on X0 by [ǫ]
−1 and on X1 by [ǫ]. After applying Lηµ,
the group cohomology LηµRΓct(∆,Ainf(R)) is computed by the complex
ηµ
(
A(R)
γ−1
−−−→ A(R) · e1
)
= A(R)
γ−1
−−−→ ([ǫ]− 1) · A(R) · e1.
This is in turn quasi-isomorphic to the free complex
A(R) = Ainf〈X0, X1〉/(X0X1 − [̟
♭])
γ−1
[ǫ]−1
−−−→ Ainf〈X0, X1〉/(X0X1 − [̟
♭]) · e1,
where e1 is our symbol for a dummy basis in degree 1 (this is denoted by dlogX1
in [BMS18]). The differential in the last complex is explicitly given by
1). Xm0 7→ −([ǫ]
−m + · · ·+ [ǫ]−1)Xm0 · e1,
2). Xm1 7→ (1 + [ǫ] + · · ·+ [ǫ]
m−1)Xm1 · e1.
31To get a canonical isomorphism, one needs ωi
X/O
{−i} instead on the right hand side, where
{−1} denotes the Breuil-Kisin twist.
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• base change to OC . Note that the map θ˜ : Ainf(R∞)→ R∞ sends Xi 7→ T
1/p
i ,
hence the base change
(
LηµRΓct(∆,Ainf(R))
)
⊗L
θ˜
OC is given by
OC〈T
1/p
0 , T
1/p
1 〉/(T
1/p
0 T
1/p
1 −̟
1/p) −→ OC〈T
1/p
0 , T
1/p
1 〉/(T
1/p
0 T
1/p
1 −̟
1/p) · e1
with differentials
1). T
m/p
0 7→ −(ζ
−m
p + · · ·+ ζ
−1
p )T0 · e1,
2). T
m/p
1 7→ (1 + · · ·+ ζ
m−1
p )T1 · e1.
This complex is quasi-isomorphic to
OC〈T0, T1〉/(T0T1 −̟)
0
−−→ OC〈T0, T1〉/(T0T1 −̟) · e1.
• base change to W (k). Similarly, since ϑ˜([̟♭]) = 0 the twisted crystalline base
change
(
LηµRΓct(∆,Ainf(R))
)
⊗L W (k) is computed by
W (k)〈T
1/p
0 , T
1/p
1 〉/(T
1/p
0 T
1/p
1 ) −→W (k)〈T
1/p
0 , T
1/p
1 〉/(T
1/p
0 T
1/p
1 ) · e1
with differentials
1). T
m/p
0 7→ −mT
m/p
0 · e1,
2). T
m/p
1 7→ mT
m/p
1 · e1.
Note that, since each T p
r−1
i maps to ±p
rT p
r−1
i · e1, we have
T p
r−1
i ∈ H
0
(
LηµRΓct
(
∆,Ainf(R)
)
⊗L W (k)/pr
)
We have presented the simplest possible case to simplify notations, though the
example above easily generalizes to R with more variables and to the case where
s > 1. For example, if R = R = OC〈T0, ..., Tr, T
±1
r+1, ..., T
±1
d 〉/(T0 · · ·Tr − ̟),
LηµRΓct(∆,Ainf(R)) is computed by the Koszul complex
KA(R)(
γ1 − 1
[ǫ]− 1
, ...,
γd − 1
[ǫ]− 1
) =
(
A(R)
γ1−1
[ǫ]−1
,...,
γd−1
[ǫ]−1
−−−−−−−−−→ A(R) · e1 ⊕ · · · ⊕ ed −→
· · · −→ A(R) · ⊕
1≤i1<···<ik≤d
ei1 ∧ · · · ∧ eik −→ · · ·
)
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7. The log crystalline specialization
In this section we prove Theorem 4 in the introduction, which we now restate. Let
X be a p-adic formal scheme of generalized semistable reduction over OC , equipped
with the divisorial log structure as in Subsection 6.1. By topological invariance of
e´tale sites Xe´t ∼= Xk,e´t, we view Wω
∗
Xk/k
as a sheaf on Xe´t,aff.
Theorem 7.1. There exists a canonical, ϕ-compatible quasi-isomorphism
Wω∗Xk/k
∼−−→ AΩX⊗̂
L
W (k)
in D(Xe´t,W (k)), which induces a quasi-isomorphism
RΓlog-cris(Xk/W (k)) ∼= RΓAinf(X)⊗̂
L
Ainf
W (k).
The general line of argument is similar to the one used in [BLM18]. We first
restrict to a smaller site Xe´t,aff and use Theorem 2.12 to equip the right hand side
with a Dieudonne´ algebra structure; we then appeal to the universal property of log
de Rham–Witt complexes to obtain the desired morphism, which is easily checked
to be an isomorphism using the Hodge–Tate comparison (cf. Theorem 6.6). As
mentioned in the introduction, aside from the complications caused by allowing
the scheme to be more general, we face the additional difficulty of equipping the
right hand side with suitable log structures. In order to remedy this, we will work
locally on small enough charts and produce the log structures using semistable
coordinates, and then show that the morphism on the underlying complexes is
canonical (independent of coordinates). We carry out this procedure in detail in
the remaining of the article.
Recall AΩpreX from Subsection 6.2, which is a commutative algebra object in
Psh(Xe´t,aff,D(Ainf)). Taking its (completed) base change along ϑ˜ : Ainf → W (k)
we get AΩpreX,W := AΩ
pre
X ⊗̂
L
W (k) ∈ Psh(Xe´t,aff, D̂(Zp)), which is a commutative
algebra object taking the value AΩR⊗̂
L
W (k) on U = Spf R ∈ Xe´t,aff. We also
have another presheaf (AΩX⊗̂
L
W (k))pre = ι
(
AΩX⊗̂
L
W (k)
)
, where ι : D̂(Xe´t,aff)→
Psh(Xe´t,aff, D̂(Zp)) is the fully faithful embedding as described in Subsection 6.2,
which takes the value RΓ(U, AΩX⊗̂
L
W (k)) on U = Spf R. Both presheaves sheafify
to AΩX⊗̂
L
W (k) after taking the (derived) p-adic completion. In fact, we claim that
the following stronger assertion holds:
Lemma 7.2. The natural map
AΩpreX,W = AΩ
pre
X ⊗̂
L
W (k) ∼−−→
(
AΩX⊗̂
L
W (k)
)pre
is an isomorphism.
Proof. On each U = Spf R ∈ Xe´t,aff, we have a canonical map
RΓ(Ue´t, AΩX)⊗̂
L
W (k) RΓ(Ue´t, AΩX⊗̂
L
W (k))
RlimRΓ(Ue´t, AΩX ⊗
L Wn(k))
∼=
To prove the lemma, it suffices to show that for each n, we have a quasi-isomorphism
RΓ(Ue´t, AΩX)⊗
LWn(k)
∼−−→ RΓ(Ue´t, AΩX⊗
LWn(k)). By Theorem 4.9 of [BMS18]
we know that each Wn(k) is a filtered colimit of perfect Ainf-modules, since higher
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direct images of qcqs morphisms commute with filtered colimit (see [dJea19] 07U6
or more generally 0739), it suffices to show that AΩR⊗
LB ∼−−→ RΓ(Ue´t, AΩX⊗
LB)
for a perfect Ainf-module B. Therefore we are reduced to the case when B is finite
projective, in other words, a direct summand of a finite free Ainf-module, the lemma
thus follows. 
By the same argument of the lemma, in order to prove Theorem 7.1 it is enough
to prove the first statement, for which it suffices to construct a quasi-isomorphism
Wω∗,pre
Xk/k
∼−−→ AΩpreX,W . In the subsequent subsections, we enhance the structure on
the right hand side to provide such a map.
7.1. The Dieudonne´ algebra structure. In this subsection we prove
Proposition 7.3. There exists a canonical isomorphism
AΩpreX,W
∼−−→ LηpAΩ
pre
X,W ,
which puts AΩpreX,W ∈ Psh(Xe´t,aff, D̂(Zp))
Lηp . Denote by ApreX the image of AΩ
pre
X,W
in the following sequence of identifications
Psh(Xe´t,aff, D̂(Zp))
Lηp ∼= Psh(Xe´t,aff, D̂(Zp)
Lηp) ∼= Psh(Xe´t,aff,DCstr),
then ApreX takes values in the subcategory of strict Dieudonne´ algebras.
For this we need a sequence of lemmas, starting with
Lemma 7.4. There exists a canonical isomorphism(
colimAinf /ϕ
−r(µ)
)̂
p
∼−−→ W (k)
from the (classical) p-adic completion of the filtered colimit of Ainf /ϕ
−r(µ) along
the natural quotient maps to W (k).
Proof. The map ϑ˜ sends µ = [ǫ] − 1 to 0 ∈ W (k), therefore we have the canonical
map as above. As both sides are p-adically complete and W (k) is p-torsion free, we
can check the isomorphism by reducing mod p. Note that taking filtered colimit
is exact, so colimAinf /ϕ
−r(µ) ∼= Ainf /
⋃
ϕ−r(µ), therefore it suffices to show that
the canonical map (induced by ϑ˜)
Ainf /
(
∪
r
ϕ−r(µ), p
)
∼= O♭C/ ∪r
(
[ǫ]
1
pr − 1
)
−→ k
is an isomorphism, which in turn follows by considering the (p♭-adic) valuation of
each [ǫ]1/p
r
− 1 ∈ O♭C . 
Also recall that the de´calage operators behaves well under completions.
Lemma 7.5 ([BMS18] 6.20). For any object C ∈ D(W (k)), the natural maps
L̂ηpC
∼−−→ LηpĈ
∼−−→ R lim
←−
Lηp(C ⊗
L Wn(k))
are quasi-isomorphisms, where all completions are derived p-adic completions.
Corollary 7.6. For any Spf R ∈ Xe´t,aff, there is a natural Frobenius compatible
quasi-isomorphism: (
Lηξ˜AΩR
)
⊗̂
L
W (k) ∼= Lηp
(
AΩR⊗̂
L
W (k)
)
.
Therefore, we get an isomorphism of presheaves (valued in D̂(Zp)):(
Lηξ˜AΩ
pre
X
)
⊗̂
L
W (k) ∼−−→ Lηp
(
AΩpreX ⊗̂
L
W (k)
)
= LηpAΩ
pre
X,W .
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Proof. The proof is similar to that of 10.3.10 of [BLM18]. It suffices to show that
(⋆⋆)
(
Lηξ˜AΩR
)
⊗L Ainf /ϕ
−r(µ) ∼−−→ Lηp
(
AΩR ⊗
L Ainf /ϕ
−r(µ)
)
is a quasi-isomorphism. For this it is enough to show that Hi(AΩR ⊗
L Ainf /ξ˜) is
flat over OC (hence ϕ
−r(µ)-torsion free) by Lemma 6.5. Now apply Theorem 6.6,
we have Hi(AΩR ⊗
L Ainf /ξ˜) ∼= ω
i
R/OC
, which is flat over OC , since by assumption
R is essentially log smooth over OC as discussed in Remark 6.1. For completeness
we finish the argument by the following sequence of quasi-isomorphisms:(
Lηξ˜AΩR
)
⊗̂
L
W (k) ∼=
[(
Lηξ˜AΩR
)
⊗L lim
−→
Ainf /ϕ
−r(µ)
]̂
p
by Lemma 7.4
∼=
[
lim
−→
(
Lηξ˜AΩR ⊗
L Ainf /ϕ
−r(µ)
)]̂
p
(⋆)
∼=
[
lim
−→
Lηp
(
AΩR ⊗
L Ainf /ϕ
−r(µ)
)]̂
p
by (⋆⋆) above
∼=
[
Lηp
(
AΩR ⊗
L
(
lim
−→
Ainf /ϕ
−r(µ)
))]̂
p
(⋆)
∼= Lηp
(
AΩR⊗̂
L
W (k)
)
by Lemma 7.5
where (⋆) uses the fact that both Lη and tensor commute with filtered colimit. 
This proves the first part of Proposition 7.3:
Corollary 7.7. There is a canonical isomorphism AΩpreX,W
∼−−→ ϕ∗LηpAΩ
pre
X,W of
commutative algebra objects in Psh(Xe´t,aff, D̂(Zp)).
Proof. Recall from Subsection 6.2 that on each Spf R ∈ Xe´t,aff we have the functorial
quasi-isomorphism induced from the Frobenius automorphism on Ainf:
LηµRΓ(U,Ainf)
∼−−→ ϕ∗Lηϕ(µ)RΓ(U,Ainf) ∼= ϕ∗Lηξ˜LηµRΓ(U,Ainf),
which gives an isomorphism of commutative algebra objectsAΩpshX
∼−−→ ϕ∗Lηξ˜AΩ
psh
X .
By the last assertion in Theorem 6.3, this transports to an isomorphism 32
AΩpreX
∼−−→ ϕ∗Lηξ˜AΩ
pre
X .
The corollary then follows by taking base change to W (k) and applying Corollary
7.6, as in the following diagram
AΩpreX,W = AΩ
pre
X ⊗̂
L
W (k)
(
ϕ∗Lηξ˜AΩ
pre
X
)
⊗̂
L
W (k)
ϕ∗LηpAΩ
pre
X,W = ϕ∗Lηp
(
AΩpreX ⊗̂
L
W (k)
)
.
∼
ψ
≀
Note that the vertical isomorphism preserves commutative algebra objects, since
Lηp is lax symmetric monoidal by [BMS18] 6.7. 
Ignoring the W (k)-linear structure, the isomorphism AΩpreX,W
∼−−→ LηpAΩ
pre
X,W
puts AΩpreX,W ∈ Psh(Xe´t,aff, D̂(Zp)
Lηp) ∼= Psh(Xe´t,aff,DCstr), where the isomorphism
follows from Theorem 2.12, and we denote the image of AΩpreX,W in the latter category
32Note that this crucially uses the definition of Xe´t,aff, which only consists of small enough
affine opens.
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by ApreX to emphasize that it takes value in strict Dieudonne´ complexes. Note that
AΩpreX,W (hence A
pre
X ) takes value in the subcategory of commutative algebra objects
in D(Zp)Lηp (resp. in DCstr). Next we prove the remaining of Proposition 7.3.
Lemma 7.8. For each Spf R ∈ Xe´t,aff, the commutative algebra object in strict
Dieudonne´ complexes A∗R := RΓe´t(Spf R,A
pre
X ) is a strict Dieudonne´ algebra.
Proof. By Remark 3.1.5 in [BLM18], we need to show that A∗R is concentrated in
degree ≥ 0 and that F is the p-power Frobenius on W1(A
0
R) = A
0
R/V (A
0
R). Recall
from Section ?? Remark 2.13 that we have
A∗R = lim←−
Rr
H∗(AΩR ⊗
L W (k)/pr).
For the first assertion, it suffices to show that
AΩR ⊗
L W (k)/p = Ω˜R ⊗
L
OC OC/m
is coconnective (therefore by induction each AΩR ⊗
L W (k)/pr is coconnective).
This is follows from Theorem 6.6 (note that since H0(Ω˜R) ∼= R is OC -flat, we have
H0(Ω˜R)⊗ k = H
0(Ω˜R ⊗
L k)).
Now it remains to show that the morphism induced by F on H0(Ω˜R⊗
L
OC
k) is the
p-power Frobenius. The proof given here mimics the proof of 10.3.15 of [BLM18]
with a minor difference in the last step. We first choose a semistale coordinate  :
R → R and (hence) a formally e´tale morphism of perfectoid algebras R∞ → R∞
as in Subsection 6.2. From Proposition 6.3 we obtain a ϕ-equivariant map AΩR →
Ainf(R∞), since AΩR ∼= LηµRΓct(∆,Ainf(R∞)). Note that since R∞ is perfectoid
we have a ϕ-equivariant identification Ainf(R∞) ⊗
L W (k) = W (R∞,k), where ϕ
equals to the Witt-vector Frobenius on W (R∞,k), by Lemma 3.13 of [BMS18].
Therefore, after base change to k = OC/m we get a morphism Ω˜R ⊗
L
OC
k→ R∞,k.
Now taking H0 we get the following ϕ-equivariant morphism
Rk = H
0(Ω˜R ⊗
L
OC k) −→ R∞,k
where ϕ agrees with F on the left and identities with the usual Frobenius on the
right. It suffices to show that the map Rk → R∞,k is injective. For this we observe
that the following diagram
Rk R

∞,k
Rk R∞,k
is cocartesian. Since Rk → Rk is e´tale, and R

k → R

∞,k is injective, the proposition
therefore follows. Note that unlike the situation in [BLM18], here R/p→ R∞/p is
not flat (at the singular point of the special fiber). 
7.2. A log Dieudonne´ algebra structure (after fixing coordinates). Now
we have two presheaves Wω∗,pre
Xk/k
and ApreX on Xe´t,aff, both valued in the category
DAstr of strict Dieudonne´ algebras. In order to obtain a functorial map between
them, we want to enhance the right hand side with log structures. As mentioned
in the beginning of this section, we will do this locally on small enough charts. For
this subsection we let Spf R ∈ Xe´t,aff and fix a choice
 : R −→ R
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of a semistable coordinate as in Subsection 6.1. Our goal is to equip A∗R with a
suitable log structure and log derivation using this coordinate and the local analysis
in Subsection 6.2 and 6.4, which upgrades A∗R to a log Dieudonne´ algebra.
7.2.1. The log structure. Recall the setup from Subsection 6.1, where we have the
log algebra (R,M) over (OC , N
) where N = Ns. Let A(R) → A(R) be
the (formally) e´tale morphism given by  : R → R as in Subsection 6.3, this
determines the vertical map in the following diagram
H0(LηµRΓct(∆, A(R
))⊗L Wr) H
0
((
⊗
1≤h≤s
KA(R)(
γh,i−1
[ǫ]−1 )
)
⊗Wr
)
H0(LηµRΓct(∆, A(R)) ⊗
L Wr) H
0(AΩR ⊗
L Wr)
6.8
κr
where we have abbreviated notation by usingWr forWr(k) and usingKA(R)(
γh,i−1
[ǫ]−1 )
to denote the Koszul complex
KA(R)(
γh,1 − 1
[ǫ]− 1
, ...,
γh,dh − 1
[ǫ]− 1
).
The natural composition is denoted by κr.
Definition 7.9. Let bh,i = (..., 0, 1, 0, ...) ∈M
 = ⊕hNrh+1 be the element with 1
at the (h, i)-entry and 0 otherwise. For each r ≥ 1, we define the monoid maps
αr = α

r :M
 → H0(AΩR ⊗
L Wr)
by sending each bh,i (where 1 ≤ h ≤ s, 0 ≤ i ≤ rh) to κr(T
pr−1
h,i ), where κr is the
composition as defined above. Note that T p
r−1
h,i ∈ H
0(LηµRΓct(∆, A(R
))⊗L Wr)
by the discussion in Example 6.8.
Remark 7.10. Since ξ˜
ϑ˜
7−→ p ∈ W (k), the map ϑ˜ induces ϑ˜ : Ainf /ξ˜
r → W (k)/pr.
This gives rise to the following natural commutative diagram
H0(LηµRΓct(∆, A(R
))⊗L
θ˜
Ainf /ξ˜
r) H0(LηµRΓct(∆, A(R
))⊗L Wr)
H0(AΩR ⊗
L
θ˜
Ainf /ξ˜
r) H0(AΩR ⊗
L Wr)
The map αr can be equivalently described as follows: αr(bh,i) is the image of
T p
r−1
h,i = θ˜(X
pr
h,i) ∈ H
0(LηµRΓct(∆, A(R
))⊗L
θ˜
Ainf /ξ˜
r)
in H0(AΩR ⊗
L Wr), where θ˜ : Ainf(R
,♭
∞ )→ R

∞ is defined similarly as before.
33
33From Example 6.8, it is straightforward to check that Xp
r
h,i is indeed an element in
H0(LηµRΓct(∆, A(R))⊗̂
L
θ˜ Ainf /ξ˜
r).
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From the next lemma we use the same notation from Remark2.13, it is convenient
to also recall the diagram
Hi(AΩR ⊗
L Wr)) H
i(Lηξ˜AΩR ⊗
L Wr−1)
Hi(AΩR ⊗
L Wr−1)
µr
Rr
ψ−1
that defines the restriction map Rr, where µr sends [y] to [p
iy]. Note that in the
top right entry we have used the identification Lηp(AΩR⊗̂
L
W ) ∼= (LηξAΩR)⊗̂
L
W
as proven in Corollary 7.6.
Lemma 7.11. The maps {αr} is compatible with the restriction maps Rr, and
satisfies F (αr(m)) = αr(m)
p. In other words the following diagrams commute
M H0(AΩR ⊗
L Wr)
H0(AΩR ⊗
L Wr−1)
αr
αr−1 Rr
M H0(AΩR ⊗
L Wr)
M H0(AΩR ⊗
L Wr−1)
αr
×p F
αr−1
Consequently, we obtain a monoid morphism
α = α :M → A0R = lim←−
Rr
H0(AΩR ⊗
L Wr)
which satisfies F (α(m)) = α(m)p for all m ∈M.
Proof. The commutativity of the second diagram follows directly from the defini-
tions. For the commutativity of the first diagram, we reduce to the case of R by
functoriality. To simply notation, write
AΩgp
R
:= LηµRΓct(∆,Ainf(R

∞))
By Proposition 6.3 we know that AΩgp
R
∼−−→ AΩR is a quasi-isomorphism, and
by the same proof of 7.6, we have a quasi-isomorphism
ψ : AΩgp
R
⊗̂
L
W −→ Lηp
(
AΩgp
R
⊗̂
L
W
)
.
Now consider the following commutative diagram
H0(AΩgp
R
⊗̂
L
Wr) H
0(Lηp
(
AΩgp
R
⊗̂
L
W
)
/pr−1) H0(AΩgp
R
⊗̂
L
Wr−1)
H0(AΩR⊗̂
L
Wr) H
0(Lηp
(
AΩR⊗̂
L
W
)
/pr−1) H0(AΩR ⊗̂
L
Wr−1)
µr ψ
−1
µr ψ
−1
The top right arrow ψ−1 comes from the quasi-isomorphism ψ described above, and
can be represented by
φF :
(
⊗h KAinf(R∞)(
γh,i − 1
[ǫ]− 1
)
)
⊗W −→ ηp
((
⊗h KAinf(R∞)(
γh,i − 1
[ǫ]− 1
)
)
⊗W
)
,
given by pkF in degree k (cf. Definition 2.3). In particular, in degree 0, the map
sends Th,i
ψ=F
−−−→ T ph,i. Therefore, unwinding definitions, we see that for each r ≥ 2
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the top arrow in the digram above sends
T p
r−1
h,i
µ
7−→ T p
r−1
h,i
ψ−1
7−−−→ T p
r−2
h,i .
This proves the commutativity of the triangle, hence the lemma. 
Remark 7.12. Note that we have to use AΩgp
R
instead of LηµRΓct(∆, A(R
)),
for otherwise ψ−1 is not well-defined. However, keeping track of the element T p
r−1
h,i
only involves LηµRΓct(∆, A(R
)).
Lemma 7.13. (A0R,M
 α−→ A0R) is a log algebra over W (k
). Here k = (k,N)
is the log point with 0 maps to 1 and everything else maps to 0.
Proof. We need to show that for every h such that 1 ≤ h ≤ s, we have
α(bh,0 + · · ·+ bh,rh) = 0.
Again it suffices to assume that R = R, and suffices to show that for each r ≥ 1,
αr(bh,0 + · · ·+ bh,rh) = αr(bh,0) · · ·αr(bh,rh) = 0, but LηµRΓct(∆, A(R
))⊗̂
L
W is
computed by the product (over h) of(
KA(Rh )(
γh,i
[ǫ]− 1
)
)
⊗W
(cf. Example 6.8), and the degree 0 term is (a product of)
W (k)〈T
1/p
h,0 , ..., T
1/p
h,rh
, ..., T
±1/p
h,dh
〉/(T
1/p
h,0 · · ·T
1/p
h,rh
).
In particular, in H0(LηµRΓct(∆, A(R
))⊗L Wr),
αr(bh,0) · · ·αr(bh,rh) = T
pr−1
h,0 · · ·T
pr−1
h,rh
= 0.

7.2.2. The log derivation. The log derivation is defined in a similar fashion. We
start with the commutative diagram
H1(LηµRΓct(∆, A(R
))⊗L Wr) H
1
((
⊗
1≤h≤s
KA(R)(
γh,i−1
[ǫ]−1 )
)
⊗Wr
)
H1(LηµRΓct(∆, A(R)) ⊗
L Wr) H
1(AΩR ⊗
L Wr)
λr
As in Example 6.8, we specify a collection of dummy basis {eh,i} 1≤h≤s
1≤i≤dh
in degree
1 for each
KA(R)(
γh,i − 1
[ǫ]− 1
) =
A(R)
γh,1−1
[ǫ]−1
,··· ,
γh,dh
−1
[ǫ]−1
−−−−−−−−−−−−→ A(R) · eh,1 ⊕ · · · ⊕A(R
) · eh,dh −→ · · ·
such that for each i ≥ 1, Xmh,i 7→ (1 + [ǫ] + · · · + [ǫ]
m−1)Xmh,i · eh,i. We denote its
image in H1 of the (base change of the) Koszul complex again by eh,i.
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Definition 7.14. For r ≥ 1, we define a monoid morphism
δr = δ

r : M
 → H1(AΩR ⊗
L Wr)
by sending each bh,i for 1 ≤ h ≤ s, 0 ≤ i ≤ rh (cf. Definition 7.9) to
δr(bh,i) =
{
γr(eh,i) 1 ≤ i ≤ rh
−(γeh,1 + · · ·+ γeh,rh ) i = 0
.
Lemma 7.15. For every r > 1, every m ∈M, we have
Rr(δr(m)) = F (δr(m)) = δr−1(m).
In other words, the maps {δr} are compatible with Rr. This gives rise to a map
δ = δ :M → A1R := lim←−
Rr
H1(AΩR ⊗
L Wr)
of monoids, which satisfies Fδ = δ.
Proof. Similar to the proof of Lemma 7.11, we need to show that the map
H1(AΩgp
R
⊗L Wr) H
1(Lηp
(
AΩgp
R
⊗̂
L
W
)
/pr−1) H1(AΩgp
R
⊗L Wr−1)
µr ψ
−1
sends eh,i to eh,i for each h and 1 ≤ i ≤ rh. As before, AΩ
gp
R
can be computed by
the complex ⊗hKAinf(R∞)(
γh,i−1
[ǫ]−1 ). Unwinding definitions, the map µr is given by
[x] 7→ [px] for a cocycle [x] ∈ H1(AΩgp
R
⊗L Wr). On the other hand, the map ψ is
given by
φF :
(
⊗h KAinf(R∞)(
γh,i − 1
[ǫ]− 1
)
)
⊗W −→ ηp
((
⊗h KAinf(R∞)(
γh,i − 1
[ǫ]− 1
)
)
⊗W
)
,
which is p · F in degree 1, and sends Tmh,i · eh,i 7→ pT
m
h,i · eh,i. In particular it sends
eh,i 7→ p · eh,i, therefore ψ
−1(µr(eh,i)) = eh,i as desired. 
Lemma 7.16. The monoid maps α and δ constructed above satisfy
• α(m)δ(m) = d(α(m)) for any m ∈M.
• δ(diag(n)) = 0 for any n ∈ N.
• dδ(m) = 0 for m ∈M.
Proof. The lemma follows from the corresponding statements for each αr and δr,
and the last two claims directly follow from definitions. We need to show that for
each r ≥ 1, each h and 1 ≤ i ≤ rh, αr(bh,i)δr(bh,i) = β(αr(bh,i)) where β stands
for the Bockstein differential.
Again by functoriality, it suffices to show that the Bockstein differential
H0(AΩgp
R
⊗L Wr)
βr
−→ H1(AΩgp
R
⊗L Wr)
sends T p
r−1
h,i
βr
7−−−→ T p
r−1
h,i · eh,i. By Example 6.8 (more precisely the computation of
the base change to W (k)), we know that the differential β on(
⊗h KA(R)(
γh,i − 1
[ǫ]− 1
)
)
⊗W (k)
sends T p
r−1
h,i = (T
1/p
h,i )
pr to prT p
r−1
h,i · eh,i for every h and every i ≥ 1. Therefore
βr(T
pr−1
h,i ) =
β(T p
r−1
h,i )
pr
= T p
r−1
h,i · eh,i.
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
Let us summarize what we have shown so far in the following proposition.
Proposition 7.17. Upon choosing a semistable coordinate  : R → R, the
strict Dieudonne´ algebra A∗R equipped with M
 α−→ A0R and M
 δ−→ A1R is a strict
p-compatible log Dieudonne´ algebra over W (k). We denote this log Dieudonne´
algebra by A∗,R (the log data depend on coordinates).
7.3. The local comparison. Now we are ready to prove a local version of log
crystalline comparison (upon fixing coordinates). Recall that Ω˜R ∼= AΩR⊗̂
L
θ˜OC .
We first observe that there is a natural commutative diagram (the right hand side
being a commutative square of rings)
M R R
H0(Ω˜R) H
0(Ω˜R)
α1
where the monoid morphism α1 comes from Remark 7.10 (and gives rise to the map
α1 : M
 → H0(AΩR) ⊗
L k via base change), while the map R ∼−−→ H0(Ω˜R)
(resp. R ∼−−→ H0(Ω˜R)) is the isomorphism given by part (2) of Theorem 6.6, which
sends each Th,i to Th,i. Since H
0(Ω˜R)⊗ k = H
0(Ω˜R ⊗
L k), the base change of the
diagram above induces an isomorphism of log algebras over k = (k,N):
τ,01 : (Rk,M
) ∼−−→ (H0(AΩR ⊗
L k),M).
By the construction of A∗R, we have W1(A
0
R) = H
0(AΩR ⊗
L k), therefore this
isomorphism induces a map
τ :Wω∗
(Rk,M)/k
→ A∗,R
of strict p-compatible log Dieudonne´ algebras over W (k).
Lemma 7.18. τ is an isomorphism of log Dieudonne´ algebras.
Proof. By Corollary 2.10, it suffices to show that the dotted arrow in the diagram
W1ω
∗
(Rk,M)/k
W1(A
∗,
R )
ω∗
(Rk,M)/k
(
H∗(Ω˜R ⊗
L k), β
)≀≀
τ1
is an isomorphism of cdga’s, where W1(A
∗,
R ) is equipped with the Bockstein dif-
ferential β. By Subsection 6.2 we have isomorphisms of graded algebras
H∗(Ω˜R ⊗
L k) ∼= H∗(Ω˜R)⊗ k ∼= ω
∗
R/OC
⊗ k ∼= ω∗Rk/k.
Therefore, as a cdga, the target of τ1 can be identified with
(
ω∗Rk/k, β
)
, where the
differentials come from the Bockstein differentials on H∗(Ω˜R ⊗
L k), associated to
0 → Z/p
p
−→ Z/p2 → Z/p → 0; and is equipped with a log structure coming from
α1 :M
 → H0(Ω˜R ⊗
L k) as in Definition 7.9 (and similarly for δ1 ).
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Note that ω0
(Rk,M)/k
= Rk and receives the log structureM
 → Rk. Unwind-
ing definitions (of the construction of τ), the morphism τ1 on the log algebra
(Rk,M
) is given by id : (Rk,M
) → (Rk,M
). Therefore, to prove the lemma,
it suffices to identify the Bockstein differential β with the de Rham differential on
ω∗
(Rk,M)/k
∼= ω∗Rk/k. By the commutativity of
Ω˜R = AΩR/ξ˜ AΩR/ξ˜
2 AΩR/ξ˜
AΩR ⊗
L W/p AΩR ⊗
L W/p2 AΩR ⊗
L W/p
ξ˜
p
We are reduced to show that the Bockstein differentials on H∗(Ω˜R) agree with the
de Rham differentials via H∗(Ω˜R) ∼= ω
∗
R/OC
, but this is part of Theorem 6.6. 
Remark 7.19. On the underlying rings, the map τ,01 created in the paragraph
above the lemma is given by the canonical isomorphism Rk
∼−−→ H0(Ω˜R⊗
L k), and
has nothing to do with the choice of coordinates. In particular, as a map of cdga’s,
the isomorphism τ1 in the proof above is independent of any choice of coordinates.
7.4. Independence of coordinates. We freely use notations from Subsection 6.1.
Let be U = Spf R ∈ Xe´t,aff as in previous subsections. Let MU = MX|U be the log
structure on Ue´t restricted from X, which is equal to the log structure associated
to the monoid M = Γ(Spf R,MX). We write Rk for the log algebra (Rk,M). From
Remark 6.1, for each choice of coordinates , we have an isomorphism of strict
Dieudonne´ algebras
λ :Wω∗
(Rk,M)/k
∼−−→ Wω∗Rk/k
induced by M →M on the log structures on Rk.
Proposition 7.20. If we ignore the logarithmic structures, then the isomorphism
τ :Wω∗Rk/k
(λ)−1
−−−−−→Wω∗
(Rk,M)/k
τ
−−→ A∗R
on strict Dieudonne´ algebras is independent of choice of coordinates.
Proof. In the proof we use λ to identify the underlying Dieudonne´ algebras of
Wω∗
(Rk,M)/k
and of Wω∗Rk/k for any coordinate . Let R
 → R and R
′
→ R
be two choices of coordinates. We need to show that, the morphism of Dieudonne´
algebras τ :Wω∗
(Rk,M)/k
∼−−→ A∗,R and τ

′
: Wω∗
(Rk,M
′)/k
′
∼−−→ A∗,
′
R coin-
cide. Note that for each n, both pre-log structures M and M
′
on SpecWn(Rk)
factor through the pre-log structure α : M → Rk
[·]
−→ Wn(Rk). From Remark 4.12
following the construction of the saturated log de Rham–Witt complex (cf. Lemma
4.10 and the proof of Theorem 4.11), it suffices to show that, after we identify
λ1 : lim←−
ω1
Wn(Rk,M)/Wn(k)
∼−−→ lim
←−
ω1Wn(Rk)/Wn(k)
and λ2 : lim←−
ω1
Wn(Rk,M
′
)/Wn(k
′
)
∼−−→ lim
←−
ω1Wn(Rk)/Wn(k) ,
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the two maps τ, τ
′
from lim
←−
ω1Wn(Rk)/Wn(k) to A
1
R induced
34 respectively from
the log structures M and M
′
agree with each other. More precisely, the lemma
will follow from the following
Claim. Consider the log differential dlog1 : M
 −→ lim
←−
ω1
Wn(Rk,M)/Wn(k)
.
For every m ∈ M, let dlog(m) := λ1(dlog1(m)) ∈ lim←−
ω1Wn(Rk)/Wn(k). Then the
following element in A1R defined by
δ = δ(m) := τ(dlog(m))− τ
′
(dlog(m))
is equal to 0.
Indeed, ω1Wn(Rk)/Wn(k) is generated by elements dx for x ∈Wn(Rk) and dlog(m)
for m ∈ M, as all maps in discussion preserve differentials, the claim implies the
lemma by Remark 4.12 and Lemma 4.10 (and its proof).
It remains to justify the claim. We first observe that for any m ∈ M, both
τ(dlog(m)) and τ
′
(dlog(m)) are fixed by the Frobenius F on A1R.
35 Therefore,
if we use τ to identify Wω1Rk/k
∼−−→ A1R, we have that
δ ∈ ker(Wω1Rk/k
F−1
−−−→Wω1Rk/k).
By Corollary 2.14 of [Lor02], the Frobenius fixed points of Wω1Rk/k are precisely
the Hodge–Witt forms Wω1log, consisting of sections which are e´tale locally sums
of sections dlog(mi) for mi ∈ (M
a)gp, where Ma is the log structure on SpecRk
associated to the constant pre-log structure M. Now from the relations
α(m) · τ(dlog(m)) = α(m) · τ
′
(dlog(m)) = dα(m),
we know that δ satisfies α(m) · δ = 0. The claim, therefore the proposition, follows
from the next lemma. 
We retain the same setup from Proposition 7.20 in the following lemma. For
convenience we also denote Y = SpecRk and Y = (Y,MY ) which the log scheme
associated to the log algebra (Rk,M).
Lemma 7.21. Letm ∈M, and δ ∈Wω1log be a section of the Hodge–Witt forms,
such that α(m) · δ = 0, then δ = 0.
Proof. We have the following exact sequences of sheaves from [Lor02] (2.13 – 2.14)
pWω1Y /k,log im(V + dV ) K
0 Wω1Y /k,log Wω
1
Y /k Wω
1
Y /k 0
0 ω1Y /k,log ω
1
Y /k ω
1
Y /k/dOY 0
1−F
1−F
where dOY denotes the subsheaf of Ω
1
Y/k generated by dy for y ∈ OY , and K
denotes the kernel of Wω1Y /k → ω
1
Y /k/dOY , which contains Fil
1 = im(V + dV ).
34see Lemma 4.10 for their construction.
35For example, for τ, note that M is generated by M and R×, so the image of dlog is
generated by dlog(m0) for m0 ∈M and dx/x for x ∈ R× as a monoid, both fixed by F .
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Note that the induced V -filtration (given by V + dV ) on Wω1Y /k,log agrees with
the p-filtration since F = id. Write Wω1log for the (e´tale) global sections, for any
σ ∈Wω1log, we write σ for its image (under reduction mod p) in ω
1
log.
Now for contradiction we assume that δ 6= 0. If δ = 0 then we can write δ = pδ′
for some δ′ ∈ Wω1log, which still satisfies α(m) · δ
′ = 0 since Wω1log ⊂ Wω
1
Rk/k
is
p-torsion free. Note that Wω1log is p-adically separated, so we may assume without
loss of generality that δ 6= 0. Now we have that δ 6= 0 but α(m) · δ = 0, where α
denotes the monoid map M → Rk → Rk. This is impossible from the explicit
description of (the Frobenius fixed points of)
ω1Rk/k
∼= ω1(Rk,M)/k
∼= ω1(Rk ,M)/k
⊗Rk
Rk
which is isomorphic to the free-Rk modules with basis{
dlog(Th,i), dlog(Th,j) : 0 ≤ i ≤ rh − 1, rh + 1 ≤ j ≤ dh
}
1≤h≤s
for R as described in Subsection 6.1. Note that in the indices above we omit rh
as dlog(Th,0) + · · ·+ dlog(Th,rh) = 0. 
7.5. The log crystalline comparison. Now we are finally ready to prove the
main theorem of this section.
Proof of Theorem 7.1. For each U = Spf R ∈ Xe´t,aff, we write τR :Wω
∗
Rk/k
∼−−→ A∗R
for the isomorphism obtained from Proposition 7.20. We claim that this supplies a
natural map
τpre :Wω∗,pre
Xk/k
∼−−→ AΩpreX,W
of presheaves as desired in the beginning of this section.
Lemma 7.22. Let f : R→ S be a morphism in Xe´t,aff, then the following diagram
of maps of Dieudonne´ algebras commutes
Wω∗Rk/k A
∗
R
Wω∗Sk/k A
∗
S
τR
Wf Af
τS
Proof. Note that all maps have already been specified (with the vertical arrows
obtained from functoriality). We now choose a coordinate R → R, which also
serves as a coordinate for S via R
f
−→ S. This equips R and S with pre-log structures
M as in Subsection 6.1. By Proposition 7.20, τR does not depend on  and in
particular τR = τ
◦(λ)−1 (and likewise for τS). Therefore, it suffices to show that
the right square in the following diagram commutes (as the left square commutes
by functoriality of saturated log de Rham–Witt complexes)
Wω∗Rk/k Wω
∗
(Rk,M)/k
A∗,R
Wω∗Sk/k Wω
∗
(Sk,M)/k
A∗,S
Wf
(λ)−1 τR
Wf
Af
(λ)−1 τS
LOG DE RHAM–WITT 65
Note the maps in the right square are enhanced to maps of log Dieudonne´ algebras,
where the log structures on A∗,R and A
∗,
S are constructed in Subsection 7.2 from
the coordinate , and the maps on the monoid M are all given by identify.
Now, both maps Af ◦ τ

R and τ

S ◦W

f are morphisms Wω
∗
(Rk,M)/k
−→ A∗,S
between log Dieudonne´ algebras, therefore, by the definition (and construction) of
the saturated log de Rham–Witt complex, it suffices to show that they correspond
to the same map under the bijection
HomDAlog,pstr
(Wω∗
(Rk,M)/k
, A∗,S )
∼−−→ HomAlglog
k
(Rk , A
0,
S / imV ).
This follows from the commutative diagram
Rk H
0(Ω˜R ⊗
L k)
Sk H
0(Ω˜S ⊗
L k)
∼
∼

Theorem 7.1 now follows, as after sheafification, we get an isomorphism of sheaves
valued in the derived ∞-categories
τ :Wω∗Xk/k
∼−−→ AΩX,W
∼−−→ AΩX⊗̂
L
W (k)
in D(Xe´t,aff,W (k)) ∼= D(Xe´t,W (k)). The quasi-isomorphism on the derived global
sections follows from the same proof of Lemma 7.2. 
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Appendix A. Log geometry
In this section we fix notations we use in log geometry, following [Kat89], and
is slightly different from notations in literature.36 Most of the material (if not
everything) presented in this section is considered standard, but we make some
remarks that might only be obvious for experts.
A.1. Log schemes (after Fontaine–Illusie–Kato). A pre-log structure on a
scheme X is a morphism α : M → OX of sheaves of monoids on Xe´t. The pre-
log structure α is a log structure if α : α−1(O×X)
∼−−→ O×X is an isomorphism.
We will suppress notation and write (X,M) or X for a (pre-) log scheme. For
a pre-log structure M on X , we often denote by Ma (or M) its associated log
structure, which is the push-out of α−1(O×X) → M and α
−1(O×X) → O
×
X in the
category of sheaves of monoids on Xe´t. We make the same definitions for formal
schemes. A log structure is fine if it is coherent and integral. For most of the
article we work with fine log schemes, but in the application to Ainf-cohomology
we relax the condition of coherence to quasi-coherence. A chart for a log scheme
X = (X,M) is a morphism PX → M from a constant pre-log structure PX to M
which induces an isomorphism P aX
∼−−→ M . Charts exist e´tale locally for fine log
schemes. A chart for a morphism f : (X,M) → (Y,N) between log schemes is a
triple (PX
ψX
−−→M,QY
ψY
−−→ N,Q
β
−→ P ) where ψX , ψY are charts for (X,M), (Y,N)
respectively, and β a morphism of monoids making the obvious diagram commute.
Lemma A.1. Let X be a scheme, LX
α
−→ OX be a constant pre-log structure with
underlying monoid L. Let L = (LX)
a denote the log structure associated to LX ,
and Lsh := Γ(X,L) be the global sections of L, then its associated log structure
Lsh := (LshX )
a is identified with L.
Proof. This is formal. We view Lsh as a constant pre-log structure β : LshX → OX by
composing the natural map LshX → L with the induced log structure α
a : L → OX .
We have the following diagram of pre-log structures on Xe´t
LshX L
sh
LX L
i
ιβ
h
ια
where h is given by ια valued on X . By the universal property, ιβ ◦ h : LX → L
sh
induces a morphism f : L → Lsh of log structures, while i induces g : Lsh → L.
The maps f and g are inverses to each other. To see that f ◦ g = id, note that
under the isomorphism Homlog(L
sh,L) ∼= Hompre-log(L
sh
X ,L), g corresponds to i,
therefore, after composing by f : L → Lsh, we know that f ◦ g corresponds to f ◦ i
under the isomorphism Homlog(L
sh,Lsh) ∼= Hompre-log(L
sh
X ,L
sh). But f ◦ i = ιβ by
construction, which corresponds to id : Lsh → Lsh, hence f ◦ g = id. The other
verification is similar. 
Lemma A.2. Let (SpecR,Ma) be an affine log scheme associated to a log algebra
R = (R,α : M → R), and R → S be an e´tale morphism, then (SpecS,Ma|SpecS)
36For example, we always use X to denote a scheme and X a (pre-) log scheme, which is
opposite to the convention adopted by some algebraic geometers.
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is precisely the log scheme associated to L → S. In other words, the composition
of monoid maps L→ R→ S gives rise to a chart for Ma|SpecR.
Proof. Let U = SpecR and V = SpecS. By definition Ma is the sheafification of
the presheaf pushout of α−1(O×U )→ L and α
−1(O×U )→ O
×
U , so its restrictionM
a|V
can be computed by first restricting the presheaf pushout to V , and then taking
sheafification as presheaves on Ve´t. Unwinding definitions, the latter is precisely
the log structure associated to L→ OV on Ve´t. 
Definition A.3. A morphism i = (i, ψ) : X → Y between fine log schemes X =
(X,α :M → OX) and Y = (Y, β : N → OY ) is a closed immersion if
(1) i : X → Y is a closed immersion; and
(2) ψa : i∗N →M is surjective (here ψa is induced from ψ : i−1(N)→M).
A closed morphism i : X→ Y is exact if moreover in (2) above ψa is an isomorphism.
More generally, a morphism f : (X,M)→ (Y,N) is exact if the following diagram
is Cartesian:
f−1(N) M
f−1(N)gp Mgp
A log thickening (of order n) of a fine log scheme (T, L) is an exact closed morphism
ι : (T, L)→ (T ′, L′)
such that T is defined in T ′ by an ideal I where In+1 = 0.
Example A.4. We list some examples.
• Divisorial log structure. Let D ⊂ X be a divisor, define
MD(U) = {f ∈ OX(U) : f |U\D ∈ O
×
X(U\D)}.
Equivalently, let j : U = X\D →֒ X be the open inclusion, then this log structure
is MD = j∗O
×
U ∩ OX →֒ OX .
• Standard log points. Let k be a field, the standard log point associated to k is
Spec k with pre-log structure N→ k by sending 0 7→ 1 and everything else to 0.
• Witt log structure. Let (X,M) be a log scheme on which p is nilpotent. For
each integer r ≥ 1, then r-th Witt log scheme Wr(X,M) consists of the underlying
scheme Wr(X) and the pre-log structure Wr(α) : M → Wr(OX) given by m 7→
[α(m)], here [α(m)] is the r-th Teichmuller lift of α(m) .
A.2. Log differentials. Let f = (f, ψ) : X → Y be a morphism between fine log
schemes X = (X,α :M → OX) and Y = (Y, β : N → OY ).
A.2.1. Log derivations. A log derivation of X /Y into a sheaf of modules D is a
pair (d, δ) where d : OX → D is a derivation of X/Y into D, and δ : M → D is a
morphism of sheaf of monoids, such that
• d(α(m)) = α(m)δ(m) for any local section m of M ;
• δ(ψ(n)) = 0 for any local section n of N .
Remark A.5. Let f : (X,α : M → OX) → (Y, β : N → OY ) be a morphism of
pre-log schemes. We define a pre-log derivation in the same way as above. Then
a pre-log derivation (d, δ) of (X,M)/(Y,N) in to D extends uniquely to a log
derivation (d, δ˜) of (X,Ma)/(Y,Na).
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A.2.2. Log differentials. The relative log differential ω1X /Y equipped with (d, dlog)
is the universal log derivation of X /Y representing the functor D 7→ DerlogD , where
DerlogD is the set of log derivations of X /Y into the sheaf of OX module D. More
concretely, ω1X /Y is the quotient of
Ω1X/Y ⊕ (OX ⊗Z M
gp)
by (the OX module generated by) local sections
• (dα(m), 0) = (0, α(m)⊗m)
• (0, 1⊗ ψ(n))
In the construction dlog(m) := (0, 1⊗m).
Remark A.6. If f : X → Y is a morphism of pre-log schemes, then we can make
the same definitions. Moreover, we have
ω1(X,M)/(Y,N)
∼−−→ ω1(X,Ma)/(Y,N)
∼−−→ ω1(X,Ma)/(Y,Na).
A.2.3. Log smooth morphisms. A morphism f = (f, ψ) : X→ Y of fine log schemes
is log smooth (resp. log e´tale) if X
f
−→ Y is locally of finite presentation and for
any commutative diagram
(T, L) (X,M)
(T ′, L′) (Y,N)
s
ι f
t
g
where ι is a second order log thickening, e´tale locally there exists (resp. there exists
a unique) g : (T ′, L′)→ (X,M) making all diagrams commute.
As in the classical case, if f : X → Y is log smooth, then the log differential
ω1X /Y is locally free of finite type.
Proposition A.7 ([Kat89] 3.5). Let f : X → Y be a morphism between fine log
schemes as above, and Q → N a chart for Y. Then f is log smooth if and only
if e´tale locally on X there exists a chart (PX → M,QY → N, β : Q → P ) of f
extending the chart for Y such that
(1) ker(βgp) and coker(βgp)tor are finite groups of order invertible on X ;
(2) the induced morphism X → Y ×Spec(Z[Q]) SpecZ[P ] is e´tale.
Similarly, f is log e´tale if and only if a similar condition holds with the torsion part
of the kernel coker(β)tor replaced by coker(β) in (1) above.
A.3. Log-Cartier type.
A.3.1. Integral morphisms. A log-smooth morphism might fail to be flat. For ex-
ample, consider X = (SpecZ[x, y],N2) with log structure (1, 0) 7→ x; (0, 1) 7→ y.
The morphism X → X given by x 7→ x, y 7→ xy is log-smooth (even log-e´tale) but
not flat. This leads to the following definition:
Definition A.8. A morphism f : X → Y is integral if for any Y ′ → Y where Y ′
is a fine log scheme, the base change X ×Y Y
′ is a fine log scheme.
This is equivalent to requiring that e´tale locally on X and Y , f has charts given
by β : Q → P such that the induced morphism Z[Q] → Z[P ] is flat. If f : X → Y
is log-smooth and integral, then the underlying morphism f : X → Y is flat.
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A.3.2. log-Cartier type. Let X = (X,M) be a log scheme in characteristic p, the
absolute (p-power) Frobenius FX is given by the usual absolute Frobenius on X
and M
×p
−−→M . Note that we have implicitly identified F−1X (M)
∼=M on Xe´t.
Definition A.9. A morphism f : X → Y over Fp is of log-Cartier type if f is
integral and the relative Frobenius FX/Y in the diagram below is exact.
X X(p) X
Y Y
FX
FX/Y
h

f
FY
The most important feature for a log-smooth morphism of log-Cartier type is
that the Cartier isomorphism holds. This will be a key step to relate our log de
Rham–Witt complex with the de Rham complex of a log Frobenius lift.
Proposition A.10 ([HK94] 2.12). Let f be a log-smooth morphism of log-Cartier
type, then there exists a (Cartier) isomorphism
C−1 : ωkX(p)/Y
∼= Hk(ω∗X/Y ),
which, on local sections a ∈ OX ,m1, ...,mk ∈M , is given by
x dlog(h∗m1) ∧· · ·∧ dlog(h
∗mk) 7−→ FX/Y (x) dlog(m1) ∧· · ·∧ dlog(mk).
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